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This appendix supplements the main paper [1] by providing additional materials. In §1 we
review the Gronwall’s inequality. In §2 we provide simulation results to confirm the effectiveness
of the FCLT-based performance formulas. In §3 we extend our results to queues having positive

initial queue content (with existing initial customers waiting in line at time 0).

1 Gronwall’s Inequality

Gronwall’s inequality is used in the proofs of the main results (See §5). We review Gronwall’s

inequality below.

Lemma 1.1 (Gronwall’s Inequality). Consider measurable functions x,h > 0:[0,T] — [0,00) and

a locally-finite nonnegative measure p on [0,T). If
z(t) < h(t) + /0 t o(u) p(u)du  with /0 ! h(w) p(w)du < oo,
then
o(t) < h(t) + /0 th(u)e(ﬁ“(’")d’")u(u)du. (1.1)

See [9] for a reference. Also see [5].



2 Numerical Examples

In this section, we provide numerical examples to demonstrate the effectiveness of the engineering
formulas (based on the variance and covariance formulae) given in §4.3 of [1]. We provide simulation
comparisons for the steady-state performance of the G/GI/n + GI model.

Specifically, we consider the Ho(A™1, ¢3)/GI /n+GI model having H, interarrival times, n = 100
servers, phase-type (PH) service times and PH abandonment times. Our PH distributions include
Hy, M and FE, distributions, representing high variability (with SCV 4), medium variability (with
SCV 1) and low variability (with SCV 0.5). In Tables 1 and 2, we report simulation estimations of
the means and variances of the steady-state waiting time W and queue length Q.

We observe that the service-time and abandonment-time distributions do not have an impact
on the steady-state mean values. However, they do have a significant impact on the steady-state
variances (and distributions) of W and @. Our results show that our FCLT-based performance

formulas provide accurate approximations for the desired performance.

Table 1: Ho(A™1,¢2)/GI/100 + Ho(071, c2) with (A, p, 0,3, c2) = (120,1.2,0.5,4,4)

Ey service (¢2 =0.5) M service (c2=1) Hj service (c2 = 4)

Perf. Sim Num Sim Num Sim Num
E[W] 0.237 0.240 0.239 0.237 0.240 0.240
rel. err.  +1.4E-3 1.4% +1.5E-3 1% +2E-3 0.8%
Var(W) 0.022 0.022 0.024 0.0245 0.0286 0.0288
rel. err.  £7.5E-4 0.9% +8.3E-4 21%  +1.1E-3 0.7%
E[Q] 26.21 25.84 26.33 26.12 26.40 26.41

rel. err.  £0.168 1.4% £0.177 0.7% +0.215 0.0%

Var(Q) 302.78 305.02 320.97  316.83 360.78 343.67
rel. err.  £10.31 4.6% +12.12 4.7% +13.65 4.7%

3 The GI/GI/n+ GI Queue with Positive Initial Queue Content

In the main paper [1], we have developed the heavy-traffic fluid and diffusion limits for the
GI/GI/n 4+ GI queue having special initial conditions. Specifically, in [1], we assume that the
queue is initially empty, i.e., @,(0) = W,(0) = V,,(0) = 0, and all servers are initially busy with
equilibrium service times. We advocate that was adequate because our focus there is to develop

steady state performance as t — oo (where initial condition becomes asymptotically negligible).



Table 2: Ha(A™1,¢3)/GI/100 + Eo(0~1) with (A, p,0,c3) = (120,1.2,0.5,4)

E5 service (¢2 =0.5) M service (c2 =1) Hj service (¢ = 4)

Perf. Sim Num Sim Num Sim Num
E[W] 0.705 0.732 0.7046 0.732 0.700 0.732
rel. err.  £3.4E-3 3.7% +3.7E-3  3.9%  +4.2E-3  4.6%
Var(W) 0.051 0.047 0.0576 0.0532 0.0712 0.0659
rel. err. +4.5E-3 7.8% +4.9E-3 7.6% +5.7E-3 7.5%
E[Q] 79.84 82.32 79.65 82.32 78.83 82.32

rel. err.  +0.427 3.0% +0.454 3.3% +0.492 4.4%

Var(Q) 818.86 785.86 883.42 847.02 1070.8 976.20
rel. err.  £67.60 4.0% £71.62 4.1% +77.01 8.8%

In this appendix, we give heavy-traffic fluid and diffusion limits for the overloaded G;/GI/n+GI
model having (i) a time-varying arrival rate A(¢) and (ii) a positive initial queue content (e.g.,
Qn(0) > 0, W,(0) > 0). Our focus here is to study the dynamics of initial queue content and its
impact on the transient system performance. In §3.1 we give preliminary results for key system
performance processes. In §3.2, we develop the heavy-traffic fluid and diffusion limits for the

G¢/GI/n + GI queue with positive initial queue content. We provide the proofs in §4.
3.1 Prelimit Processes for Models with Positive Initial Queue Content

In [2], the authors developed the heavy-traffic limits for the G;/GI°, GI" /oo infinite-server queue.
Hereby, our performance representations for the G;/GI/n + GI queue with positive initial queue
content build on results in [2]. The key idea is that we model the initial queue content (i.e., number
of customers waiting in line) as a “trancated” infinite-server queue with “service times” that are

customers’ patience times. Paralleling [1], we first discuss the enter-service process.

Enter-service process. First, we give an expression for the E,, (), the total number of customers
who enter service from queue in an OL interval by ¢. Let EZ(t) be the number of initial customers,
who were waiting in line at time 0, have entered service in the interval [0,¢], and let E¥(¢) be the

number of customers who has arrived after time 0 and entered service in the interval [0, ¢]. Then

En(t) = Ep(t) + EL (1) (3.1)
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Figure 1: Graphic demonstration of E,,(t).

where EY(t) is discussed in (3.3) in the main paper [1], which can be decomposed into 3 asymptot-
ically independent terms given in (3.4)—(3.6) in [1], and

Qn(0,Wn(0))

EQ(t) = Z (G (i) > V(=) — 1nsi) (3:2)
1=Qn (0,(Wn(t)—t)+)+1
Wa) g1 -
_ n/ / Uy > Ha(Vi(—1) — u)) dT2(Gn(0, 1), 3), (3.3)
Watn-t)+ Jo

where U7 is an independent sequential empirical processes defined as in §3.1. The random variables
0 <np1 <np2 <--- are the ordered ages (elapsed waiting times) of the initial customers in line,

and (;(nn,;) is the remaining patience time of customer ¢ who has elapsed waiting time 7, ;.

Remark 3.1 (Understanding the physics of representations (3.3)). We now carefully explain why
FEquations (3.2)-(3.3) hold. Note if there are old customers waiting in line, it must hold that
Wi(t) > t. To understand (3.2), we note that all initial customers with ages greater than W, (t) —t
at time 0 have already entered service by time t provided that such a customer does not abandon;
hence the upper and lower limits of the sum in (3.2). In order for such a customer not to abandon,
we require its “full” patience time (;(Nn ;i) + Nn,i (sum of the remaining patience time and the age)
to be greater than Vi, (—nn.i), because this initial customer with age 1y, ;, satisfying 0 < W, (t) —t <
i < Wi(0), can intuitively be treated as an arrival at the negative arrival time —ny;, satisfying
—Wn(0) < =i <t — Wy (t) < 0. See the blue shaded area in the left-hand figure of Figure 1 for

an illustration.



Paralleling the decomposition for E¥(t) in (3.3) of [1], we have

En(t) = Ep (1) + Ep o(t) + E7 5(t), (3.4)
where
Wi (0) A
o1t =vn Hy (Vi (—u) — u) d@Qy,(0,u) (3.5)
(Wa(t)—t)*
Wn(O) 1 N _
ma(t) = \/ﬁ/ / 1(y > Hy(Vp(—u) —u)) dUR(Qn(0,u),y) (3.6)
Wa()=t)+ Jo
Wi (0)
o () =n / HE(Vi(—u) — ) dQn (0, 1), (3.7)
(Wa()—t)*

Queue-length process. The number of customer waiting in line at time ¢ can be represented as

Qn(t) = Q. (1) + Qn(?) (3.8)

where Q% (t) is the number of customers waiting in line at time ¢ who arrived after time 0 (already
discussed in (3.7) in [1], Q2 (t) is the number of customers waiting in line at time ¢t who were present

at time O:

(W(t)—t)*  rl _
°(t) = um%»>a=nA A1@>Hummmwaawwx<wn

=1

Similar to Q¥ (), (3.9) can be represented as sum of three terms, i.e,

Qn(t) = Q1 (1) + Q7 2(t) + Q7 5(1)

where
(Wn(t)—t)T R
Qo(t) = v /0 HE (1) dQu (0, u) (3.10)
(Wn(t)—t)T  p1 .
°(t) = v /0 /0 1(y > Ha (1)) dU2(Qn (0, u), y) (3.11)

(W (t)—t)*+
sty =n | HE (1) dQ(0,u). (3.12)

Remark 3.2 (Understanding the queue-length decomposition). We now provide insights into the
decompositions of Q2. The first term (3.10) captures the randomness of the number of initial
customers Qn(O, -) and its age distribution, the second term (3.11) captures the randomness of the
remaining service times of these old customers given that Q,(0,y) =~ nQ(0,y), and the last term

(3.12) involves the randomness in W,.



3.2 Main Results

In this section, we give many-server heavy-trafic FWLLN and FCLT results for the overloaded
G¢/GI/n+GI queue with a positive initial queue content, namely, there may be customers initially
waiting in line at time 0. To establish convergence we need appropriate assumptions on initial
conditions. Therefore, we require the following conditions to hold. The proofs are given in §4 of

the appendix.

Assumption 1 (FCLT for initial ages in queue and initial HOL waiting time). There are customers
waiting in line at time 0 in the nth system with positive elapsed waiting times, that is, By, (0) = n,
Qn(0) > 0 and W, (0) > 0. Moreover, the sequences {Q,(0,-)} and {W,(0)} satisfy a joint FCLT,

(Qn(ov ')’ Qn(o’ ')7 Wn(o)a Wn(o)) = (Q(Ov ')7 Q(Oa ')7 W(O)a w(O))

in D% x R? as n — oo where the two limits Q(0,-) and W (0) are independent, and

w(0)Ay
Q(0,y) _/0 q(0,z)dz and w(0)>0.

Remark 3.3 (Understanding Assumption 1). Assumption 1 says that given W, (0) ~ w(0) and
ignoring the fluctuation W, (0) when n is large, the limit Q(0, y) estimates the stochastic fluctuations
of the initial age process Qn(0,y). Therefore, it is not restrictive to assume Q,,(0,7), 0 < y < W,,(0),
is asymptotically independent with W, (0) (which estimates the stochastic fluctuation of the upper

bound W,,(0) for the ages of initial customers).

Theorem 3.1 (FWLLN for G;/GI/n+ GI with positive initial queue content). Suppose Assump-

tion 1 and all assumptions in Theorem 4.1 of [1] hold. Then, as n — oo,

(Nm Qn(07 ')7 Wn(O), Wi, Vi, D,y En, Bna an Xna An) = (A7 Q(O, ‘)7 w(O), w,v,D,FE, 1,0, X, A)
in D?([0,T];R) x D([0,00); R) x R where
¢ y
A0 = [ Mwdu and Q)= [ a0 120, 0<y< (),
0 0
The deterministic limits w and v satisfy

t
= w —# u v = w v . .
ww-<m+£(1q( wﬂd’ () = wlt +v(t), >0 (3.13)

U, W

where the function q(-,-) is defined in Theorem 4.1 in [1].



Moreover, fort >0, D(t) = E(t) = ut,

fo t)dQ(0,u), for t<t*
Qt) =
ft Fc t—s)\(s)ds, for t>t*

i

where t* is the boundary point for which the conditions (i) t* = w(t*), (i1) w(t) >t fort < t*, and
(#91) w(t) <t fort > t* are satisfied. Moreover, X(t) = Q(t) +1 and A(t) = A(t) — E(t) — X (t) +
X(0).

Theorem 3.2 (FCLT for G;/GI/n+ GI with positive initial queue content). Suppose Assumption

1 and all assumptions in Theorem 4.1 of [1] hold. Then, as n — oo,

(Nna Qn(oa ')7 Wn(O)a Wna Vna Ijna Am Bn’ Qna Xm An)

A A~ ~

= (N,Q(0,),W(0),W,V,E,F,0,Q,Q,4) in D(0,T];R) x D([0,0); R) x R

where N, Q(0,-) and W(0) are given in Assumption 1, respectively. Moreover, A(t) = N(t) —
Q(t) — E(t) + Q(0), and D(t) = E(t) for all t > 0.

The limit enter-service process (E' (t) : t > 0) is a zero-mean Gaussian process given in Theorem
4.2 of [1].

The limit of head-of-line waiting time (W(t) 2t > 0) uniquely solves the piecewise stochastic
differential equation (PSIE)

R 1 t_ R
= — _ S(w(s)A (s —w(s s)ds
W) = e P o) o TN = 0D

No(t—w(t)E
1 i A (—w(0)) i

G - wW(0),

o wE ) T X e ey )

where w is as in (3.13), fs(z) = (0/02)Fs(z),
_)Fe 1’2) if s<0
Fe( ) if $>0
_ f L RS dQ(0, ) + BC (T°(t)) — B(t) for t<tx (3.14)
|z +f0 FC (s))dN (s — w(s)) + B (T*(t)) — E(t) for t>t*’ '
_ O Fe(u(=w) (1 F(o(-u)) ) du
r0= [, () 0w 2o

t
/ Fe(o(u))F(v(u)A(u)du, t>0,
0

w(0) re .
/O F FOCE) 4600, u) + B2 (19(0))



with (BY(t) : t > 0) and (B°(t) : t > 0) being two independent standard Brownian motions. The
deterministic function v in (3.14) is characterized by (3.13). The boundary point t* satisfies the
following conditions: (i) t* = w(t*), (it) w(t) >t fort < t*, and (iii) w(t) < t fort > t*. The
integrals in (3.14) are interpreted as the form after integration by parts.

The limit virtual waiting time process 1% uniquely solves

- W (t +v(t))
VO = T aaremy 20

where W is the derivative of w, and v is as in (3.13).

The limit queue-length process Q is the sum of three independent terms, specifically,

with

+

t (w(t)—t) .
z/ Fe(t— 5)dN(s) + / HE(t)dO(0, ), ¢ >0,
(t—w(t))* 0
t 1
/t /O 1(z > F(t —s)) dU”(A(s), y)

o )
+ / Uz > HE() dU°(Q(0, ), y), >0,
0 0

Qs(t) = q(t,wt))W(t), t>0

where UY and U° are two independent standard Kiefer processes, and

Fe(t +s)

HEW) = ~pery

s5,t >0

4 Proofs of Theorems 3.1 and 3.2

In §4.1, we first provide a proof for FWLLN by using compactness approach. The key step in
our proof of FWLLN for all processes is to establish convergence for the sequence of head-of-line
waiting times {W,, : n > 1}. Given the convergence of {W,, : n > 1}, convergence of the other
sequences follows by continuous mapping theorem. The limit processes obtained in §4.1 are used
as centering terms in §4.2 to define the CLT-scaled processes. Then, in the same section, we prove
a FCLT for these processes using a different approach. The key step is to use Gronwall’s inequality
to first prove stochastic boundedness of and then convergence for the sequence of scaled processes

(W, :n > 1} in D([0, T};R).



4.1 Proof of Theorem 3.1

We first establish a FWLLN for {WV,, : n > 1} by using compactness approach, i.e., (i) we show the
sequence {W,, : n > 1} is tight in D([0, T]; R) which implies every subsequence has a convergent
subsequence (see §4.1.1); (i7) every convergent subsequence converges to the same limit which
uniquely solves the ODE in Theorem 3 of [6] (see §4.1.2). Finally, in §4.1.3, we establish convergence

for the other processes and characterize their limits.

4.1.1 Tightness of the sequence {W,}

We prove tightness in two steps: First we show that {IV, : n > 1} is stochastically bounded in
D([0,T];R) and then show that the following criterion involving modulus of continuity is satisfied:
For each 7" > 0 and € > 0,

léiin lirrLILSng P(w(Wh,9,T) >€) =0 (4.1)
where w(W,,,0,T) is the modulus of continuity of W, i.e., sup{w(Wy,[t1,t2] : 0 < t; < ta <
(t1 +90) ANT)} with w(Wy,, A) = sup{W,(s1) — Wy(s2) : 51,52 € A}.

Stochastic boundedness. Since we consider the system in the interval [0, 7], we immediately see
that the HOL waiting time for new customers satisfies 0 < W,,(¢t) < T for all n > 1, ¢t € [0,T]. For
initial customers, on the other hand, we make use of the assumed convergence W, (0) = w(0) < oo in
R. In particular, we can bound from above HOL waiting time of an initial customer by W,,(0)+1 for
all n > 1 thanks to FCFS service discipline. The upper bound W,,(0) + T is stochastically bounded
due to the assumed convergence. Therefore, the sequence of HOL waiting time for initial customers
is stochastically bounded. Hence we conclude that {W,, : n > 1} is stochastically bounded.

Modulus of continuity. W, (t+08)—W,(t) < 6 for 6 > 0 and ¢ > 0 holds because the HOL waiting
time can increase at most at rate 1. Therefore, it remains to find a bound on W,,(t) — W, (t +9) to
conclude that the criterion involving modulus of continuity of W, (t) is satisfied.

To this end, let us define the d-increment of E, 3(t),

Ens(t,0) = Ey 5(t,0) + E; 5(t,0) = Ey 5(t +0) — E} 3(t) + B} 5(t +6) — E 5(t)
/(t+6—Wn(t+5))+ (Wn (t+8)—t—0) T
e

F(Vp(s))A(s)ds + /(W . H; (Vo (—u) —u)q(0,u) du. (4.2)

t=Wn(t))*T
Because F¢ is continuous and F°(z) > 0 for all x > 0, it holds that inf,co r{F(2)} = c1 > 0
for any 7' > 0. Similarly, inf,cjo m{H;(Va(—2) — )} = c2 > 0 for any T' > 0. Without loss of

generality, we assume that A(z) > 0 for all x € [t — Wy, (¢),t + — W, (t + )] and ¢(0,x) > 0 for all



x € [Wy(t) —t, Wy (t+06) —t— ] so that both integrands in (4.2) are bounded below by a constant
¢ > 0. Then replacing both integrands with the constant ¢ yields a lower bound on E, 3(t,4). In

particular, we have

Ens(t,6)

C

(Wh(t) = Wa(t +6) + 6)1isw, 1)y + (Wa(t +0) — Wa(t) = 0)1icw, 1)y <

and by the convergence D,, = D in D([0,T];R) and that E(t) = D(t), we have
D(t,9)

~

lim {W(8) = W(t +6)} < —

which implies the modulus of continuity condition (4.1). Hence, {W,, : n > 1} is tight in D([0, T]; R).
More specifically, {W,, : n > 1} is C-tight because (4.1) is sufficient for C-tightness together with

stochastic boundedness.
4.1.2 Characterizing the limit of the sequence {W,}.

Due to C-tightness, we know that (i) every subsequence of {W,, : n > 1} has a convergent sub-
sequence. Let {WW} : n > 1} be such a convergent subsequence with the limit w*, i.e., W)¥ = w*
in D([0,T];R). The convergence of the subsequence {W;* : n > 1} implies that there exists a

corresponding subsequence {V,* : n > 1} that converges to some v* satisfying the fluid equations
vi(t) = w'(t+0*(t)) and v*(t —w*(t)) =w*(t), t>0. (4.3)

Next we derive an ordinary differential equation for w* using the LLN-scaled enter-service
process E,(t). First, from the FCLT in Theorem 2 of [12], we deduce that D= Din D([0,T);R)

which, together with the assumption that the fluid model is OL throughout entire time interval
[0, T, implies supyepo {1 En(t) — Dn(t)|} = o(v/n) and

E,(t)= E(t) = /Ot b(u,0)du=pt in D as n — oo. (4.4)

On the other hand, from (3.4) and that (W}, V) = (w*,v*) in D?([0,T];R), the sequence

n)»'n

{E, : n > 1} along the subsequence associated with {W} and {V*} converges to a limit E*

satisfying
En(t) = E°(t)=Eg"(t) + E5" (1)

(t—w*()* w*(0)
= / Fe(v*(s))A(s)ds + / Hy(v*(—u) —u)q(0,u) du (4.5)
0 (

w*(t)—t)t+
with
E*

n,1

(t) = Epi(t) + Ey(1) = (0e)(t) and  Ejo(t) = E75(1) + E,75(t) = (0e)(t)

n,1

10



in D([0,T];R) as n — oo. From [10], we know that LLN-scaled versions of (3.5) and (3.6) vanish
in the limit if W,, and V,, are replaced by the deterministic fixed (independent of n) functions w
and v, respectively. Therefore, we conclude that {E? |} and {E} ,} vanish because the limits w*
and v* are deterministic.

We now derive an ODE for the limit w*. Equating (4.4) and (4.5), and taking the derivative of
both sides yield

b(t,0) = (1 — i (1) (v (t — w* (A — w* ()1t > w*(1))
(L= " (1) HG gy (0" (E — w7 (£)) = ™ (2) + ) (0, 0" (1) — D1(t < w* (1))

= (1= ™ (1) (Feur (A = w (D)L > w*(0) + ey, (1) a(0,w7(2) = 1t < w* (1)),
6

(4.6)
where the second equality holds by (4.3). Equation (4.6) implies that
wr(t) = 1-— blt,0)
Fe(w* ()Mt — w*(¢))1(t > w*(t)) + Hzcu*(t)—t (t) q(0,w*(t) — t)1(t < w*(t))
o b(t,0)
q(t, w*(t))’

which coincides with the ODE (3.13) which has a unique solution. This implies that any convergent

subsequence {W;*} must converge to the same limit and hence full convergence of {W,, : n > 1}.
4.1.3 FWLLN of the other processes.
First, we prove full convergence of {V,, : n > 1}. In particular, for ¢ > 0,

[Va(t = Wa(t)) — v(t —w(t))] < [Va(t = Wa(t)) = Valt — w(®))| + [Va(t — w(t)) — vt — w(t))]

= |[Wp(t) —w(t) + O(1/n)| + |w(t) + O(1/n) — w(t)|
< Wi (t) —w(t)| + O(1/n) (4.7)

where the equality follows from (2.3) and (2.4) in [1]. This implies convergence of V;, = v in
D([0,T]; R) thanks to W,, = w in D([0,T]; R).
We further obtain (4.8) by applying change of variable to (4.7) with w, = t — W, (t) and

u=t—w(t),ie., for a constant v > 0,
W, —
v = ol < P2 =2y o1/m) = 01/m) (438)

where the equality holds because u,, = u + o(1). We will make use of (4.8) establishing an FCLT
limit for {Vj, : n > 1} in §4.2.

11



We readily have the limit for the enter-service process {E, : n > 1} along the convergent
subsequence in (4.5). Full convergence of enter-service follows from full convergence of {W,}
and {V,,} established above. Therefore, we can now drop the superscripts in (4.5). The limit of
the sequence of departure processes must coincide with the limit of the sequence of enter-service
processes because, in the limit, the system will be overloaded over the entire interval [0, 7.

The limit of the sequences of processes (3.8) and (3.9) in [1] can be obtained the same way it is
done in [8]. which make use of Theorem 3.1. of [10] and then apply continuous mapping theorem
given W,, = w. From (6.17) of [8], we immediately write

~ ~ t
ni = 0e for i=1,2; n3 = Q3(t) = / Fe(t — s)A(s)ds
(t—w(t)*
in D([0,T};R) as n — oo.

The limit of the sequences of processes (3.10)—(3.12) can be obtained in a similar. Although

not treated in [8], we can use similar arguments because they have similar mathematical forms as

(3.8)(3.9) in [1]. Therefore, we obtain
_ _ (w(t)—t)*
G le for i=12 QU= Qi = [ HE(t) dQ(0, u)
0

in D([0,T);R) as n — oo where Q(0, -) is the limit of the sequence {Q,(0,-)} implied by the FCLT
Qn(O7 ) = Q(O, -) in Assumption 1. Hence convergence of (3.8) follows from continuous mapping

theorem with addition.

4.2 Proof of Theorem 3.2.

In §4.2.1, we first establish an FCLT for the sequences {W,, : n > 1} and {V,, : n > 1}. Then, in
§4.2.2, we establish FCLT for the other processes given the FCLT in §4.2.1.

4.2.1 FCLT for Wn and Vn

To prove the FCLTs for W, and Vj,, one could do the compactness approach ((i) C-tightness and
(ii) characterization of the limit of convergent subsequence). This could be done by mimicking
the approach here in §4.1 and the approach in [8]. However, we hereby adopt a new approach:
we establish the convergence W, =W and V,, = V using the continuous mapping theorem and
Gronwall’s inequality. We show that the limit process 144 uniquely solves a stochastic differential
equation (SDE). Our SDE here generalizes the SDE given in (6.64) of [8] in two ways. First,

our generalization from M service to GI will replace the Brownian motion Bs there by a general
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Gaussian process. Second, our general initial condition here will generate a piecewise structure
both in the drift term and in the volatility term.

By definition of E,(t), the number of customers entered service by time ¢

En(t) = E,(t) + ER(1)

N (= Wa(0)H) Q0.2 (0))
= Z (v > V(7)) + Z 1(v2 > Va(=n;) —n”;)
i=1 i=Qn (0,(Wn(t)—t)H)+1
—Wa(t)* 1 o
—n /0 /0 1(y > F(Vi(s)) O (No(s). ) (4.9)
Wn (0) 1 -
+n / / Uy > Ha(Vi(—1) — ) dT(Gn(0, 1), y). (4.10)
(T/Vn(t)—t)+ 0

We use the representation in [10] to rewrite (4.9) and (4.10) as

n/(t—Wn(t)) /11(y > F(Vi(s))) dUY (Nn(s),y)
0 0

(t=Wa ()T . (t=Wa(t))+ No((t=Wn (1))
= \/ﬁ/ F¢(V,(s)) dNn(s) + n/ F(V,(s))A(s) ds + (1( > wl) — F¢(w])),
0 0

<.
Il
—

and

Wn(0) 1 _
n / / 1(y > Hy(Va(—1) — 1)) dU2(Qn(0, ), y)
1+ Jo

(Wn(t)_
Wi (0) R Wi, (0)
- [ HE(Va(~0) = 0)dQu(0,) 4 1 [ HE(Va(—u) — u)q(0, u) du
(Wr(t)—t)* (Wr(t)—t)*

+ > <1(vﬁi > w;) — (Fc(n;7)> (4.11)
i=Qn (0,(t=Wa (1) *)+1 =i
We now introduce new notation to simplify the expressions in (4.11). Define
Qn(0,—s) fors<0 s ~ @) for s <0
An(s) = -, A(s)= / MN(u)du and FS(z)={ ) -
Ny (s) for s >0 0 Fe(z) fors>0
(4.12)
where

M(s) = q(0,—s) ifs<0
TN\ ifs>0

We now decompose E,,(t) into sum of three terms, i.e.,

FE, (t) = En,l(t) + En’Q (t) + En,g (t)
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where

t—Wh(t
—vn / () dAn(s), (4.13)

Qn(O,Wn(O))
i:Qn(Ov(Wn(t)_t)+)+1 77_1
N ((t=Wn(t)1)
+ > (10" > wi') = F(wy')) (4.15)
i=1
t=Wn(t) _
E,3(t) = n/ FS(Vy(s))N"(s) ds. (4.16)
—Wn(0)
From (4.5) and the discussion in §4.1.3, we deduce that
Ep1(t) = (0e)(t), Ena(t) = (0e)(t) in D([0,T];R),
En3(t) = Es(t E/ FC ))dA*(s) in D([0,T];R).
w(0)
Then, by definition, it follows that
. 1 1 1
E,(t) = E,i(t)+ Ena(t) + —=(Ep3(t) —nEs(t)). (4.17)

Vi Vi Vi

Overview of proof. The key step of our proof is establishing convergence and characterizing
the limit of scaled head-of-line waiting-time processes {W,(t) : n > 1}. To do so, we first obtain
an SDE for the scaled prelimit head-of-line waiting-time process Wi, () (see (4.39)). Then using
Gronwall’s inequality (Lemma 1.1), we show that the sequence {W,(t) : n > 1} is stochastically
bounded in D([0,T];R). Next, we show that W, converges uniformly to a limit process W as
n — oo where the limit W is given in (4.43). Given convergence W, = W, we establish FCLT for
the other processes and characterize their limits in §4.2.2.

The following lemmas will help deriving an SDE for the process W, for all n > 1 and characterize
the limit. In Lemma 4.1 and Lemma 4.2, we respectively establish convergence of the first and the

second component on the right-hand side of the equality in (4.17).

Lemma 4.1. For T > 0, if

(N, @n(0,-)) = (N,Q(0,)) in D([0,T};R) x D([0, 00); R)
as n — 0o, then

En,l(t)j/o ﬁsﬂw(s)(w(s))dﬂ(s—w(s)) in D([0, T];R). (4.18)
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Proof. We consider the modified processes n~"/ 21777171(t) given below. We first prove conver-
gence for the sequence {n~Y2E, (t) : n > 1} and then show that the difference between the
modified sequences {n~1/2E,, 1 : n > 1} and the desired sequence {n~'/2E, 1(t) : n > 1} is asymp-
totically negligible which proves the desired convergence of n=/ 2]377”71.

Now consider for ¢ > 0 the processes

t—w(t) _

B0 = [ F(s) i

—w(0)
= (00— w(®)An(t — w(t)) — F< ) (0(—w(0))) A (—(0))
t—w(t) -
—/’ Rn(s—) dF<(u(s))
—w(0)

~ ~

~ ~ t ~
= F ) (w(t)An(t —w(t)) — An(—w(0)) — /0 An(s —w(s)) dF;_ 5 (w(s)). (4.19)

The second equality holds since An(s) is of bounded variation and therefore the integral can be
represented as the form after integration by parts. The last equality follows from the fluid equation
v(t —w(t)) = w(t), for t > 0, and that ﬁfw(O) (w(0)) = 1 by definition. Next we define a mapping
¥ : D([0,T];R) — D([0,T]; R) such that for z € D([0,T]; R),

P(2)(t) = ﬁtc_w(t) (w(t))z(t) — 2(0) — /0 z(s) dﬁ;_w(s) (w(s)), 0<t<T.

We now prove that the mapping ¢ is continuous in D([0,T];R). Let {z,} be a sequence in
D([0,T];R) such that ||z, — z|[7 — 0. Then

|9 (n)(t) = (x)()]

=E@mmmmw—%@—éﬁwmmﬂmmm

—E@@wwn@+am+4x@mﬁw@ww>

< F o (w(®)|za(t) = 2(t)] + [2a(0) — 2(0)] + lan — 7 < 4fzn — x|

Adﬁw@ww>

Hence the mapping 1 is continuous. In general, proving convergence in the uniform topology
does not necessarily imply J; convergence because there may be measurability issues (see e.g.
[13, 3]). However, we will be interested in the case where the limit x is continuous, i.e., z €
C([0,T];R). Therefore, we will not have any measurability issues and obtain the desired convergence
in D([0,T];R) with respect to Skorokhod’s J; metric.

Convergence of the modified process in (4.19) follows by continuous mapping theorem with

composition. In particular, let Z,(-) = Ap(- — Wy(-)). Then Z, : D([0,T];R) — D([0,T]; R) and
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Zn = Z in D([0,T]; R) where Z(-) = A(- — w(-)). Convergence of {Z,} follows from continuous
mapping theorem with composition. In particular, we apply Theorem 13.2.2 of [13] with sequences
t—W,(t) and A,, converging to the continuous limits ¢ —w(t) and A(t), respectively. Then we have

nV2E, () = (Z,)(-) = ¥(Z)(-) in D([0, T];R). We denote the limit 1(Z) as

/0 Fe (o ((s)) dA(s = w(s)) = F ) (w(®)A(t = w(t) = A(-w(0)) — /0 Als = w(s)) dF_ ) (w(s))

for 0 <t < T where A(s) = N(s) for s > 0 and A(s) = Q(0, s) for s < 0.
Finally, we show that the difference between the processes n~/2E, ;(t) and n~Y2E, (t) is

asymptotically negligible. In particular,

1 _ 1 t—Wn(t) ~. R t—w(t) ~. .
B0~ Bl = = | [ v FEOR) dRa(s) - / Lo Tl koo
1 —w(0) . ) t—w(t) ~ .
= i FORED o)+ [ Fr () dha(s)
1 |- N 1 |- .
< [ An(wlo)) - Ra(=wa(0)] + [t = w0) = R - Wa(t)|

which converges to 0 due to W,, = w and A, (- — W, (:)) = A(- —w(-)) in D([0, T];R). Hence this
completes the proof.

We next present a convergence result for the second component in (4.17).

Lemma 4.2. ForT > 0, if
(N, @u(0,-)) = (N,Q(0,) in D([0,T];R) x D([0, 00); R)
as n — 0o, then

Ena2(t) = B°(T°(t)) + B"(T"(t)) in D(0,T);R) as n — oo (4.20)

Bl

where B° and BY are independent standard Brownian motions with time transforms,
w(0) ~ ~
o= [ Fe ) Re-0)g0n) du

T”(t):/o Fe(v(u))F(v(u))\(u) du.

Proof. We prove that the first component of the process n~*/ 2En,2(t) weakly converges in
D([0,T];R) to a Brownian motion. We apply continuous mapping to conclude that the sum of the

two processes converges to the sum of the limits.
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Proof of convergence of the first component. Our ultimate goal is to use martingale FCLT to
prove convergence for (4.14) which is the CLT-scaled total number of initial customers entered
service. First we define a sequence of discrete-time processes (see (4.21)) and argue that it is
a sequence of martingales adapted to a specific filtration 77" as defined below. Next, we define
continuous-time martingales using the discrete-time martingales in (4.21). Then we invoke Theorem
7.1.4. on p.339 in [5] to establish convergence and characterize the limit.

Consider the discrete-time processes

k
N 1 Fe(w™; +n";)
H!'= — <1(’y"<>w"-)—ZZ for k=1,2,... (4.21)
v ; z ' Fe(n?;)
where the sequence {y_; : i > 1} depends on elapsed times of customers in queue. This process is
different than (4.14) in upper bound of the summation. Recall that, for given ages {n™,,n",,...},

{7—i : 1 > 1} have the complementary cdf
Fe(s+a";)
P(y—; > s|nZ; =a";) = W
for 2™, € R. Also consider the filtration " = o{y_;,w";_;,n";_; : 1 <i < k}. Then EHI:I,?H <

k/y/n and

n n n 1 n n mn
E[Hy — Hy 1|4 = — (E[l(v_k > w )| ] -

\/ﬁ —_— .

F 6(7771]@)

which implies that the process {(H}, ") : k > 1} is a discrete-time martingale for each n > 1.
Our next step is to replace k with |ny| and extend the above result to continuous-time setting.

To do so we invoke Lemma 4.2 of [4] (also see Theorem 2.26 of [11]). By a direct application of

that lemma, we deduce that the continuous-time process (H™(y), #"(y) : y > 0) = (H" jfLZyJ :

Lny]”
y > 0) is a martingale with quadratic variation

[ny] 2 [ny]
. Fe(w?; +n";) 1 2
H"(y) =~ 177, > wh) — ——— =) == 1(7"%; > w";) — HS (w™)) .
(H")(y) n}ﬂj( (0% > W) = — g ) 2 2 (105> ) o, (0™)

(4.22)

We next show that the sequence of martingales (H"(y), #"(y) : y > 0) satisfies the conditions
of Theorem 7.1.4. of [5]. It particular, it is required that (i) jumps of the processes H "(y) are
asymptotically negligible and (i7) quadratic variation of the processes converges in probability to a

limit characterized in Theorem 7.1.1. of [5].
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(1) Negligibility of jumps. We show that condition (a) of Theorem 7.1.4. holds. For each T' > 0,
we have supy<;<r |H™(t) — H™(t—)| < 1/y/n and hence

lim E

n—oo

sup |H™(t) — m(t—)|] =0.
0<t<T

which is the desired condition.
(ii) Convergence of quadratic variations. We prove that the quadratic variation processes given

in (4.22) converges in L? sense as n — oco. In particular,

L) Q' (0) ’
B (2 (107> wm) — i (07)) - /0 Hii(v(—u) = u) Hu(v(~u) — u) dQ(0, u)
=1
[ny] 2
2
<28 | {230 | (10 > w5 () = Hi, (0" ) o, (07
=1
[ (1wl 2
+4E (n [H (W) Hop () = H (o) =) o (0(=1) =)
=1
i 1 ny|
HAE || ) Hyn (v(=23) = 02) Hye (0(=n2) = n2)
=1
Q 1(0.) 2
—/0 Hy(v(—u) — u)Hy(v(—u) — u) dQ(Qu))
9 [ny] ) )
< E[ (32 > wy) = Hee (w)) " (Hyp, (w?) = Hep (w?;)) ]
=1
£ 2B (10 > wty) — By () (107, > wty) — Hy ()
i#]
(e () — Hg () (o () Hi ()]
[ny) 2
+4E % > [Hﬁzi(w’li)HnL(w’li) — Hin (0(=n) = 0" ) Hyp (0(=1;) — nﬁi)} (4.23)
=1
[ 1Lnyj
FAE || 37 Hin (o(=n") =0 Hyr (0(=0") = ")
=1
Q™1(0.) 2
_/0 H(v(—u) —u)Hy(v(—u) — u) dQ(O,u)) (4.24)

The first sum vanishes as n — oo because the summands are bounded by 1 and hence the first term

is bounded by 2|nt|/n? < 2t/n — 0 as n — oco. Summands of the second sum are independent
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conditioned on the sequences {n™,} and {w”,}. Therefore, the conditional expectation of each
summand is zero. Hence, the second term is equal to 0.

To prove convergence of (4.23), we first rewrite the summands of (4.23) as

H;’_li(wzi)(l - Hf;’_ll.(wﬁi)) - HST_LZ.(U(—UZ) =) (1 - H;Ei(v(_nr—li) /)

= Hyn () = Hen (v(=n) =) = (Hin (w™)? = Hin (o(=1%) = )% (4.25)

Next we make use of fluid scale convergence of virtual waiting time process V,,(t), i.e., V,, = v in
D, and continuity of the function - — Hyn () to show that (4.23) converges to 0. In particular, for

all ¢ > 1,
Hyn (W) = Hyn (Va(=n2;) = n") = Hyn (0(=n2;) —=n"; +o(1)) for n=>1

due to the fact that V;, = v in D. Combined with (4.25), this implies that summands in (4.23) can

be bounded above by

[Hyn (0(=n";) = 0" + 0(1)) = Hn (v(=n") = 02)| + [Hyn (0(=0";) = 0" + 0(1)) = Hin (0(—12;)
_ [ Fu(=n") £ o(1) — F(u(=n";)) ‘ N ’Fc(v(—n”i) +0(1))? = Fe(v(—n")))?

Fe(n™,) Fe(n;)?
< Kilo()] | Kzlo(1)]
- OFe(nr) o Fe(ny)?

where a candidate K = 2max{K;/m, Ka/m} and m = min{F°(n";)? : i > 1} > 0. The equality

< Klo(1)]

holds by definition and the inequality holds by differentiability (Lipschitz continuity) of the service-
time cdf F. This implies that the squared sum inside expectation in (4.23) is bounded above by
(Klo(1)||ny]|/n)? < (Ky)?|o(1)| = o(1) for all y > 0. Hence convergence of (4.23) to 0 by dominated
convergence theorem.

The summation in (4.24) can be alternatively represented as
| Lo Q' (0y) _
- D Hyn (0(=0") =0 Hyr (0(=n") = ;) = /O Hy(v(=u) = u)Hy(v(=u) = u) dQn(0, u)
i=0

= H(v(—u) — u)Hy(v(—u) — u) dQ(0, u)
(4.26)
where the convergence in (4.26) follows from [7]. Having established the convergence in (4.26),
convergence in mean square is obtained by first applying continuous mapping theorem with the

function f(z) = 22 and then applying dominated convergence theorem by using the fact that both
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the summation and the limit integral in (4.26) are bounded by y. Hence (4.24) converges to 0.
That completes the proof of convergence of the quadratic variation (4.22).

Having proved conditions (i) and (éi) are indeed satisfied, by Theorem 7.1.4 of [5], we deduce
that H" = H in D where H is a Gaussian process with independent increments and sample paths in
C. Moreover, as implied by the proof of Theorem 7.1.1. of [5], the limit H is indeed a time-changed

Brownian motion where time-change is the limit of the quadratic variation, i.e.,

. Q' (0,y)
H(y) = B((H)(y)) =B </O Hy(v(—u) — u)Hy(v(—u) — u)q(0,u) dU) , y>0.

where B is the standard Brownian motion.

Finally, to prove the convergence of (4.14) we consider the compositions H"(Q, (0, W,(0)))
and H™(Q,(0,(Wy(t) — t)7)). By continuous mapping theorem, we have H"(Q,(0, W, (0))) =
H(Q(0,w(0))) in D and H™(Q,(0, (Wy(£)—t)T)) = H(Q(0, (w(t)—t)T)) in D. The limit is obtained
by writing (4.14) as H™(Qy (0, W, (0))) — H"™(Qy (0, (Wy,(t)—t)")) and applying continuous mapping

theorem once again. Hence

Ly T
Vn - o Fe(n®;)

7;:Qn (Ov(Wn (t)ft)-’— )+1

w(0)
= B° (/( Hi(v(—u) —u)Hy(v(—u) — u)q(0, u) du) . (4.27)

w(t)—t)+
due to stationary increments of the standard Brownian motion.
Application of continuous mapping theorem. The fact that the processes f[”(t) and i}”(t) are
independent for all n > 1 and that respective filtrations %' and %' are orthogonal for all n > 1

implies that
(H",L",H" + L",N,,,Q,(0,-),W,,)) = (H,L,H + L,A,Q(0,-),w) in DS([0,T];R)  (4.28)

where joint convergence of last three processes directly follows because the limits are deterministic.

Having established (4.28), the desired result follows from continuous mapping theorem. "
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We now consider the third term in (4.17) without the scaling factor 1/y/n, i.e.,

—Wa(t) t—w(t)
—n / Fe(V(s))A*(s) ds — n / Fe(u(s)\* (s) ds

—Wr(0) —w(0)
W) t—w(t) _ t—w(t) _
= n/ FS(Va(s))A*(s) dsn/ FS(Vip(s))A"(s) ds+n/ FS(Vp(s))A*(s) ds
W, (0) —w(0) —w(0)
t—ult) _
- n/ FS(v(s))A\*(s)ds
—w(0)
—w(0) _ t—w(t) _
—n / Fe(V(s))\(s) ds + n / Fe(Via()A"(s) ds
—Wn(0) t—Wh(t)
t-w(t) _ _
[ TFV(s) - Filo(s)X (5) ds
—w(0) )
= VI 0 (01.0) X (=w(0)) Wi (0) + VIEE ) (B2 ()X (£ — w(t)) Wi (t)
tfw(t) _ .
Vi [ () V(N (5) ds (4.29)
—w(0)
where fq(u) = % Fy(u),
Vi (=W (0)) A Vi (—w(0)) < 010 < Vo (=W (0)) V Vi (—w(0)), (4.30)
Va(t = Wa(t) A Vit — w(t)) < O2,n(t) < Vit — Wa(t)) V Va(t — w(t)), (4.31)
Vi(£) Av(t) < B3.0(t) < Valt) V 0(2). (4.32)

Having treated all the terms in (4.17), we next derive an SDE for the prelimit processes W, (t)
by using two representations of the process FE,(t). Then we will obtain an integral equation for
Wi (t) for each n > 1 and use Gronwall’s inequality to prove that {W,(t) : n > 1} is stochastically
bounded in D([0,T];R). Gronwall’s inequality will also be used for establishing the convergence
W, = W in D([0,T]; R).

From Lemma 4.1, Lemma 4.2 and (4.29), we have
En(t) = Ena(t) + Ena(t) + En3(t)

= \/ﬁ/o Fsc—w(s)(w(s))dA(S —w(s)) +vnB° </(

w(t)—t)+

w(0)

i (o(=u) Fu(v(=u))q(0, u) dU>

-w%%/wmwmww>)+fw (010X (—(0)) V0 (0)

0
~ t—w(t) R
+ \/ﬁFtc—w(t)(eln(t)))\* (t—w(t)) —Vn o) 93 n(8))Va(s)\*(s) ds
+nE(t) + o(v/n) (4.33)
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We want to rewrite the last integral term in (4.33) as a function of W,, instead of V}, so that
we will be able to apply Gronwall’s inequality to prove stochastic boundedness of the sequence
{W, : n > 1} in D([0,T];R). To rewrite the integral term as a function of W,, we will apply
change of variable. However, first, we present some results on the relation between W, (t) and Vn(t)
that will be useful as we will be applying change of variable.

Let AV, (t) = Vo (t) — v(t) and AWy, (t) = Wy (t) — w(t). We write

AV, (t) = AW, (t + Vo (t) + O(1/n)) + w(t + Vi () — w(t +v(t)) + O(1/n)
=AW, (t+ Vo (t) + O(1/n)) + w(t + v(t)) AV, (t) + o( AV, (t)) + O(1/n)

which implies

AW, (t+ Vio(t) + O(1/n))
1—w(t+v(t)

Combining (4.34) with (4.8), we deduce that o(AV,,(t)) = o(1/n) since AV,,(t) is of O(1/n). Hence

AV, (t) = + o(AVi () + O(1/n). (4.34)

we have

Vn(t) M \/ﬁo(l/n) = 0(1/\/5) (4.35)

Y 1—w(t+o(t)

0<t<T

which concludes discussion of the relation between V;,(t) and W, (t).
We next move on to apply change of variable in the last integral term of (4.33). By using (4.35)
and the fluid equations w(t) = v(t — w(t)) and v(t) = w(t 4+ v(t)), we write

f/ T B V() dA*(s)

tmw(®) V(s +v(s
= Vi / fswg,n(s))(lw"? + ) +o<wﬁ>> ax*(s)

—w(0) —w(s+v(s))

i [ Forato85,0(5) (1W“ + o<1/\/ﬁ>> (1= ()N (s — w(s)) ds
0

= \/ﬁ/o ﬁ,_w(s)(ﬁé’n(s)) Wi(s) A*(s — w(s)) ds + o(1) (4.36)
for some sequence {03 ,(t) : n > 1} satisfying
Vot —w(t)) Av(t —w(t)) < 03,(t) < Vit —w(t) Vot —w(t)) (4.37)

where w(t) = (d/dt)w(t). The second inequality in (4.36) holds since ||\*||; < oo for any 0 < ¢t < co
and fis a probability density function, and hence, the integral over any subset of its domain is at

most 1.
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On the other hand, we write

En(t) = nE(t) + /nE(t) + o(v/n). (4.38)

by the implied convergence E,, = E in D([0,T];R) due to Theorem 2 of [12]. In particular, the
service completion process at each of n servers is asymptotically identical to an equilibrium renewal
process since we assume that the system is asymptotically overloaded. We know from the FCLT for
equilibrium process in Theorem 2 of [12] that D, = D in D([0,T7;R). Consequently, this implies
that supg<,;<7 |E(t) — D(t)| = o(y/n). Then plugging (4.36) in (4.33) and equating (4.33) with
(4.38) yields

9)(05.0(8)) Wa(8) X*(s — w(s)) ds +

g 9;:2) (~w(0) W, (0) + o(1), (4.39)

where g, () = —F_ ) (Ban(£)) X (t — w(t)) and

. w(0) ~ ~

Gt) = /0 FE_ o (w(s)) dA(s = w(s)) + B° ( /( Fe(vo(—w)) Fu(v(~u))q(0, w) du>

w(t)—1)*
+ B < /0 t Fe(u(u))F(v(w)) () du> — B(1).

Then, equation (4.39) implies that

W] < 5 [ Tt (0o W)X (s = ) s +

ﬁfw(o) (01,0) A" (—w(0))
gn(t)

G ()]

1
In(t)

W, (0)] + o(1). (4.40)

_l’_

For fixed n, we apply Gronwall’s inequality in §1 to (4.40) with

L F e LN (—w(0)
= g GO PRO)
1 ~

= ol Frew(ey (03,0 ()X (E = w(t)).

W (0)] + o(1),

Then we have

Wa(t)] < ha(t) + /0 () ex0 (IIN/Galljg ) dpin(r2)
< ht) 4 exp (1N /gull) [ () (4.41)
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The exponential term in (4.41) is bounded because A\* is bounded over any closed finite interval
with A*(t) > 0 for all ¢ > 0. Furthermore, since F°(t) > 0 for all ¢ > 0, ||lgn|l¢ > 0 for all ¢ > 0. This
implies that the norm in (4.41) bounded by a constant different than 0 over all bounded intervals.
Hence the second term in (4.41) is bounded since the integral on the right-hand side is bounded.

The fact that the sequences {G, : n > 1} and {W,(0) : n > 1} are stochastically bounded
in D([0, T];R) and in R, respectively, and that the second term in (4.41) is finite for all n > 1.
Together with the discussion in the above paragraph, this implies that the sequence {Wn :n > 1}
is stochastically bounded in D([0,T]; R).

Stochastic boundedness of {Wn :n > 1} plays a key role because we want the error caused
by replacing 61 , by w(0), 02,,(t) by w(t), 03,(t) by v(t) and 03 ,(t) by w(t) to be asymptotically
negligible. More specifically, from (4.30)-(4.32), (4.37) and W,, = w, V,, = v in D([0,T];R), we
deduce that 0y, = w(0) + o(1), 02, (t) = v(t —w(t)) + o(1) = w(t) + o(1), 63 ,(t) = v(t) + o(1) and
03.,(t) = v(t —w(t)) +o(1) = w(t) + o(1). When 61 n,02,(t),03,(t),03,(t) are to be replaced by
respective expressions on the right-hand side of the equalities, we end up with extra terms where
o(1) terms are multiplied by Wn() To guarantee that such terms are not too irregular, we need
stochastic boundedness of {Wn :n > 1}. Once stochastic boundedness is proved, such extra terms
can be treated as o(1).

In light of the above discussion, (4.39) can be rewritten as

R 1 t_ R
Wa(t) = = (s (W(8)) Wi(s) A*(s —w(s)) ds
(t Ff_w(t)(w(t)))\*(t—w(t))/o Forto) () Wals) A (s — w(s))
_ ! o) — SZu@@WOXN @) W
Ftc_w(t) (w(t)))‘* (t - w(t)) Ftc_w(t)(w(t)))‘* (t - w(t))

In order to show that W,, = W, where W satisfies

R 1 t_ R
W(t) = = —w(s)(W(8)) W(s) A*(s —w(s)) ds
(t Ftc_w(t)(w(t)))\*(tw(t))/o Foatoy (w(s)) W (3) A" (5 — w(s))
) b P @ON ) L )

E ()Nt~ w(®) Fe o (@O (¢ —w (1))

it suffices to show that ||W, — W||z — 0 for W,, and W satisfying (4.42) and (4.43). Equations
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(4.42) and (4.43) imply that

w(o)(W(0)) A" (=w(0)) G
i ﬁtcfw(t)(w(t)))\*(t — w(t)) W (0) (0)] +o(1)
_ ;,1@)/0 Wi(s) = W (s)] fi(s) ds + Fn(2).

Once again a direct application of Gronwall’s inequality similar to (4.41) yields

sup
0<t<T

o~ t o~
W(0) = (0 < B (0) + 0 (X Vgnll) [ o) () (449
0
for all n > 1. This concludes the convergence ||Wn — WHT — 0 since the exponential term is finite,
hn = 0in R, thanks to W,(0) = W (0) in R, and the integral is continuous in the sense of Theorem

11.5.1. of [13].
4.2.2 FCLT for Other Processes

If b(¢,0) > b* > 0 for all ¢, then we know from [6] that the fluid HWT w(t), with w(0) > 0, will
eventually cross over the 45 degree line. See Figure 5 there. Let t* = inf{t > 0 : w(t) < t} be the
time of the crossover. Therefore, we have (i) w(t) > t for t € 7° = [0,t*), (ii) w(t*) = t* and (iii)
w(t) < tfort € IV = (t*,00). We remark that all old contents (i.e., customers that were in the

system at time 0) will either abandon or enter service for ¢ > t*, asymptotically when n is large.

FCLT limits for queue length Qn. We next prove the FCLT's for the queue lengths using the
FCLT of W, and continuous mapping theorem. Let @, (t) be the number of customers entered
service in the interval [0,¢], let Q2 (¢) be the number of old customers (who were initial in queue)
entered service in the interval [0,¢], and let Q¥ () be the number of new customers (arriving after
time 0) entered service in the interval [0, ¢]. Then we have Letting n — oo, we have

t

Qn,l (t)

Lo 0 )1 (t) = Fe° dN et HE(t) dQ(0
7 @0+ > aw= | Fa-saNe+ | £(0)dQ(0,)
r—1(¢) ) t* )
/t F(t —u+w(u)dN(u—w(u)) —/ H (- (1) dQ(0, w(u) — u)

Vi* tAL*

1) ]
_ /t Y ) dY (), (4.45)

where the convergence holds by the FWLLN and FCLT of W,,, along with the continuous mapping
theorem. Here I'(t) =t —w(t), J\(t,u) = —H®

w(u

)—u(t)l{ugt*} + Fc(t — U + w(u))l{u>t*} NeXt, we
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have,

Qnalt) = = (@) + Q1al1) > a0

1
= /t t))+/ (x> F(t—29)) dU” _|_/O /0 1(y > Hu(t))dUO(Q(O,u),y),
g - /(t o)+ \/F(t — S)Fc(t — S dBV /O(w il \/Wdlgo

(t) )
=_ /tvt* VE(t —u+wu)Fe(t —u+ wu)) dB” (Alu — w(u)))

tAL®

V Huotw-a(DHS ), (8) dB°(Q0, w(u) — u)

*

()
== /t VE( —u+ww)Fe(t —u+w(w)Mu —w(u) (1 - w(u) dB” (u)

\/t

/ ¢H a0V HS o (0a(0, w(u) — u) (1 — () B (1)

= / Ja(t,u) dB(u), (4.46)
where
= _\/Hw(u),u(t)HgU(u)_u(t)q(o, w(u) — ) (1 — b (u))Lrucpm
—VE(t —u+ wu)Fe(t —u+ w(u)Mu — w(u))(1 - w(w))Lgspe.
Next, let
t (Wh(t)—t)T
t) = Fe(t —s)\(s)ds dQ(0,u
an=[ - | (1)dQ(0.1)
we have
Qna(t 57( t) +Qna(t) —nQ(t))
_ Jn / °(t — s)A(s) ds + v/ / o= HE(t) dQ(0, u)
t>>+ w(t) =t
= Wa(O)F(w()A(t — w(t) 1w, <ty + Wal)Hiy 1 (0)a(0,w(t) = ) 1w, 950
= W () F(w()At — w(t)) Liuw<ey + WEH - ()a(0,w(t) — 1) 1m0
= W©B)qt, w(t) = Qs(t). (4.47)

Although Qg involves W, which involves N , Q(O, -), BY and B2, Qg and Qg are independent because

BY and B{ have independent increments and the intervals of integrals do not overlap. However,

Qg and Ql may not be independent (although the intervals of integrals do not overlap), because
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the process Q(O, -) may not have independent increments. After all, we have the joint convergence:

Combining (4.45), (4.46) and (4.47), we have
Qn(t) = Q(t) = Qolt) + Q1 (t) + Qa(t) + Q3(t) = Qo(t) + Q7" (1) + Q" (1) + Q5™ (£) + Q5™ (1) + Qs(t),
where the six terms Qo(t), Q7" (t), Q7™ (t), Q5" (t), Q5*(t) and Q3(t) are independent with

Qo(t) = W(0)H(t,0)q(t, w(t))

) . =1t R R
=QU () + QT () = /t - LX®w)dN(u —w(w)) + | L3(¢w) dQ(0, w(u) —u)

—u)) 1{u§t} + J (t, U)l{u>t}a

q(u, w(
(e, = L DEOOELD) 3y 4 o= w1
gl W) H () Hyg () c
Lt == g(u, w(u)) U Ly~ Hiy (Lo,
) t ) K, (u r—1(t)
Qa(t) = [ atewe) e a4 [ e 0 aBu(w

D=1t
= / Lo(t,u) dBg(u)
0

) ) r—1(¢t) t*
= Q5" () + Q5 (t) :/t* LY (t,u)dBl(u )+/0 L (t,u) dB(u)

where Ly (t,u) = q(t,w(t))(()[((:)()) i<y + Jat, u)Liyssy,
L) = —q“’w(t))HS{Z>w<g<)w(“))b<u’ OFP
~ VE( = ut w(w) (= u - wlw)Au = w(u) (1= i) L.
H(tvu) Hw(u)—u(u)b(u 0)
Falt ) == q(u/ww» s
— \Hut-a (D HE (a0, w(u) = w)(1 = () Ly,
Qutt) = ~att.wte) [ 0 d )

Remark 4.1 (Separation of variability for Q(t)). We now explain the meaning of the six terms:
(i) Qo(t) captures the randomness of the initial HWT (as a function of W (0); (ii) Q%" (t) captures

the randomness of the new arrivals after time 0 (as a function of N); (iii) Q9 (t) captures the
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randomness of the ages of customers in queue at time 0 (as a function of Q(0,-); (iv) Qy*(t)

captures the randomness of the remaining patience times of customers in queue at time 0; (v)

)9 (t) captures the randomness of the patience times of new arrivals after time 0; (vi Q3 t
2 P

captures the randomness of the service times of all customers (as a function of E).
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