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Abstract

Motivated by large-scale service systems, we study an overloaded multi-class queueing system hav-
ing time-varying arrivals and customer abandonments. Our objective is to devise appropriate staffing
and scheduling policies to achieve differentiated service levels for each customer class. Formally, for
a class-specific delay target w; > 0 and probability target «; € (0, 1), we concurrently determine a
proper staffing level (number of servers) and a scheduling rule (assigning newly idle servers to a waiting
customer from one of the classes), under which the probability that a class-¢ customer waits more than
w; does not exceed «; at all times. For this purpose, we propose a joint staffing and scheduling poli-
cy that is both time dependent (coping with the time variability in arrival pattern) and state dependent
(capturing the stochastic variability in service times and arrival times). The proposed framework enables
us to treat class-dependent service rate. Effectiveness of our proposed staffing and scheduling plocies is
substantiated by heavy traffic limit theorems (as the system scale increases). We also conduct computer

simulation experiments to provide engineering confirmations and practical insights.



Overview. This appendix provides additional supplementary material to the main paper. In §1 we give a
road map of our approach. In §2, we provide all the technical proofs omitted from the main paper. In §3, we

give additional numerical studies. First, in Table 1 we give all acronyms used here and in the main paper.

1 Road Map of Our Approach

We first explain the main steps of the our approach to achieve the asymptotic service-level differentiation
and stabilization, see Figure 1. First, we propose our TV-SRS and TV-DPS policies having some unknown
control functions, namely, ¢ and k;, 1 < i < K. See §§2.2-2.3 of the main paper for detailed structure of
TV-SRS and TV-DPS. In both formulas, we have determined the first order terms (nominal staffing term of
TV-SRS, and normalized HWT term of TV-DPS), and we leave the second order terms undetermined (c for
TV-SRS and «; for TV-DPS). What is complicated here is how to treat these second-order terms, and they
are driven by the probability targets «;.
Next, we develop convenient many-server FWLLN and F-

CLT limits under our proposed TV-SRS and TV-DPS, which is
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and (dynamic) scheduling polices
with unknown control functions:
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ate to a one-dimensional frontier process H. In Corollary 2, server FCLT limits and SSC under
. . oA proposed staffing and scheduling
we further analyze this frontier process: we show that (i) H SR
uniquely solves an SVE of which the drift and volatility terms ‘
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. Figure 1: Road map of our approach
Finally, we utilize this frontier process H to determine the

“optimal” control functions c¢* and . The idea here is to use
our control functions to shift the mean value of V; so that the probability mass {V; > 0} is controlled at ;.

~

We give the resulting (unique) formulas in Proposition 1; here the variance Var(H )(t) plays an important



Acronym | Meaning

ASL average staffing level

CCDF complementary cumulative distribution function
CDF cumulative distribution function

CTAS Canadian triage and acuity scale

DIS delayed infinite server

DIS-MOL | delayed infinite-server modified-offered-load approximation
ED emergency department

ERP equilibrium renewal process

FCLT functional central limit theorem

FPE fixed-point equation

FWLLN functional weak law of large numbers
HWT head-of-line waiting time

HT heavy traffic

ii.d. independent and identically distributed
KPI key performance indicator

MOL modified offered load

MPSS marginal price of staffing and scheduling
MSHT many-server heavy-traffic

MSL maximum staffing level

NHPP non-homogeneous Poisson process
NNPP nonstationary non-Poisson process

OL overloaded

PDF probability density function

PoA probability of abandonment

PoD probability of delay

PWT potential waiting time

QED quality-and-efficiency driven

QoS quality of service

SCV squared coefficient of variation

SL service level

SSC state-space collapse

SVE stochastic Volterra equation

TPoD tail probability of delay

TTGA two-term Gaussian approximation

TV time varying

TV-SRS time-varying square-root staffing
TV-DPS time-varying dynamic prioritization scheduling

Table 1: Summary of useful acronyms used in the main paper.




role in these formulas. In Theorem 2, we show that the complete TV-SRS and TV-DPS policies (with
structure given in §§2.2-2.3 and control functions given in Proposition 1) successively achieve asymptotic
service-level differentiation and stabilization.

Corollaries 2—4 aim to provide additional insights by studying important special cases. For example,
Corollary 2 shows that when service rates are class independent, the SVE degenerates to an OU process

with time-varying parameters and admits an analytic solution.

2 Proofs

We hereby provide all proofs that are omitted in the main paper, including Theorems 1-2, Propositions 1-2,

Corollaries 2—4.

2.1 Proof of Theorem 1

Main steps of the proof. Step 1: We first show that each component within the curly bracket in (15) of
the main paper is at most O(1/+/n) away from the frontier process, that is, H(t)/w; + n~'/2k;(t) =
H"(t)4+0O(1/n) (or I?Tz”(t) = wz(ﬁ”(t) —ki(t)) +O(1/+4/n)). This is essentially a SSC result and follows
from a key observation that, at any given point in time, the number of total departures required for a HoL.
customer to enter service under the TV-DPS policy is of order O(1). Step 2: We then use (6) of the main
paper to obtain a simple relation between H ; and EZ" Based on the fact that the difference between H, (t)
and w; (H™(t) — k;(t)) can be made arbitrarily small for n large enough, we are able to establish a set of K
differential equations and one linear equation jointly satisfied by (E{Z cees E}‘(, H ™). This allows us to apply
the Gronwall’s inequality to establish the stochastic boundedness of the sequence {(E{‘, e E}L(, H ")in e
N}, which in turn enables us to deduce the desired FWLLN results. Step 3: An application of the continuous
mapping theorem with the established FWLLN allows us to establish the Brownian limits given in (21) of
the main paper for the corresponding CLT-scaled processes. Applying the continuous mapping theorem
again with these Brownian limits yields the joint convergence of {(E{l, e E}"‘{, H ™)}. Next, the FCLT
for the HWT and PWT processes follows by converging-together lemma with the established FCLT for the
frontier process. Step 4: Finally, the FCLT for the queue-length processes follows by first exploiting the

relation between Q7' and H* and then applying the continuous mapping theorem. (|



Step 1: SSC for the pre-limit HWT and PWT processes. We start by observing the relation between
HP() and V(1)
V't = Hi'(t)) = H{'(t) + O(1/n) (D

under the TV-DPS rule, where the error term O(1/n) will follow if the number of customers (from other
queues) who have a higher service priority over the HoL customer in the ith queue is of order O(1); i.e., it
only requires O(1) number of service completions before the HoL customer of the ith queue enters service.
To see that relation (1) is true, suppose customer A enters service from the ith queue at time ¢ and customer
B becomes the new HoL customer in queue ¢. Then customer B must have arrived at the system at time
t — H]'(t—). Further we use a to denote the inter-arrival time between A and B. It is immediate that
customer A arrived at the system at time ¢t — H*(t—) — al’. Suppose k; =0, i € Z = {1,..., K} (the case
where k; are not zero functions can be analyzed in a similar fashion). Then under the TV-DPS policy, only

those class-j customers who arrived during the interval

(t _wi (HP () +a)) ijZﬂ(t)>

@)

w; ’ W

could enter service prior to the time at which customer B enters service. To proceed, we make the following

observation: If P(!) and P are two independent Poisson processes with rate A(!) and A\(?), respectively,

then the number of arrivals from P(?) between two successive arrivals of P(!) follows a geometric distri-
. . . 1 .

bution with parameter with parameter % Now because the interval (2) has a length of (wja /w;),

the number class-j customer who can enter service before B is stochastically bounded by a geometric dis-

. . . wiAl . wiAd wiAl
tributed random variable with mean — +} and variance <J/\i> + ]/\j . By the same token, we can argue
WiA; WiA; iA;

that the total number of customers who will enter service before B enters service is bounded by the sum of

. . . wl . AT\ 2
K — 1 geometric random variables with mean 651) = Z]zzi;:f’ and variance gz@) =2 (ZZ /\11) + EE”.
On the other hand, the inter-arrival times of class 7 live on the order of O(1/n). Using the same reasoning

for (1), we have

HP (t)/w; +n~?ki(t) = H™(t) — O(1/n),

or equivalently,
HP () = wi(H™(t) = k(1)) — O(1/v/n), 3)

where we recall that H™ is the CLT-scaled frontier process, namely, H n(t) = nM? (H™(t) — 1).

Step 2: The FWLLN. Here we prove the desired FWLLN results by showing the stochastic boundedness

of the corresponding CLT-scaled processes; see §5.2 of [5] for a precise definition of stochastic boundedness.



In what follows, we will first prove that the sequence {(E{L, ce E%, H™);n € N} is stochastically bounded.
To that end, introduce the LLN- and CLT-scaled empirical process

1 [nt)

U'(t,z) = Zl{X<x} for t>0, 0<zx<1, and
[yt
Lnt] 4)
U™(t,x) = v (U"(t,z) - E[U"(t,z)]) = Z lixi<e) — 7 | »
where X1, Xo, ... are i.i.d. random variables uniformly distributed on [0, 1]. [4] have shown that Un = U

in Dp as n — oo, where U is the standard Kiefer process. Paralleling (3.3) - (3.6) in [1], we break the

enter-service process E"(t) in (6) of the main paper into three pieces, namely,

Ei'(t) = B4 (t) + Ej5(t) + El'3(t), ©)
where
t—HIM(t N
n() = Vi / VA (u)dAr (), £ >0, ©)
t— H” t)
n(t) = / " / 1y pevn (o 07 (A2 (u),y) £ 0, ™
t— H"
() = n / VR @) wydu 1> 0, ®)
—H}(0)

for A7, Ef given by (16) of the main paper and [71” is a CLT-scaled empirical process specified by (4).

Define the fluid version and CLT-scaled version of the enter-service process as

t—w;
= [ Frwn ©)
- o t—w;
EP(t) =n~ Y2 (EMt) — nei(t)) = n~1/? <EZ"(t) - n/ Ff(wi))\i(u)du> . (10)
Following the decomposition given in (5) - (8), we can write
EP (1) = Efy(8) + EDy () + El5 (1), (in
where
=R t—H!(t) -
ft) = nTVPEN () = / F{(V (w))dA} (u) 20 (12)
H™(0)
R , t—HP(t)
To(t) = nTV2E( /Hn(o / Ly re(vr () dO7 (A (w),y) >0, (13)
t—w;
23(t) = p /2 <E7:rl3<t) — n/ Ff(wi))\i(u)du> t>0. (14)
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For the term EZ»"?), we further deduce
t—w;

—H(0) —w;

. 1= HP (1)
() = v [ / FE(V? () hi(u)du — / Ff(wi)&'(u)du]

= i [ B ) = 17 )du = Vi [P = wi)au
- / FE(HP (u))Xi(u — H} (u))dH (u) + O(n~?) (15
0
= — [ A @M = )+ FEC )N = G ) b7 () = i)

_/0 w FF(H (u)) A\ (u — Hzn(u))d(ﬁn(u) — ki(u)) + O(nil/z),

where the second equality follows by a change of variables, namely ¢t — t — H*(¢), plus the relation (1),

while the third equality follows from (3) and applying the mean-value theorem with (7 (¢) satisfying
Hi'(t) Awi < G () < HP(E) V w. (16)
On the other hand, the conservation of flow implies
B t) = B (t) + D}(0), (17)

where we have used D}'(t) to denote the number of class-i customers that have completed service by time

t. From (9) it follows

gi(t) = / B Ff(w;)Ai(u)du = /0 Ff(wi)Ni(u — w;)du = my(t) —I—/O pim(u)du, (18)

—w;
where the last equality follows from (10) of the main paper. Multiplying both sides of (18) by n and

subtracting it from (17) yields
t
E}'(t) — ne;i(t) = Bj*(t) — nm;(t) + Dj*(t) — n/ i (u)du
0
t t t
= BI'(t) — nm;(t) + <D1"(t) - ,ui/ B?(u)du) + pi </ B (u)du —/ nmz(u)du> .
0 0 0
Next divide both sides by n'/? to get
A~ t A~ A~ A~ A~ A~ A~
Ei(t) = Bi'(t) + m/ Bi'(u)du + Dj(t) or dB}(t) + wBi'(t)dt = dE}(t) — dD;'(t),  (19)
0

where we have defined



Because the baseline input exceeds the output at all times, it holds that
B"(t) = s"(t) (20)

with arbitrarily high probability for n sufficiently large. Hence, it suffices to focus on the sample paths for

which relation (20) holds. In this case we can easily deduce

7

K
D Bt) =n Y2 (B(t) — nm(t) = n 2 (s"(t) — nm(t)) = c(t). 1)

P
Upon substituting (11) - (13) and (15) into(19), we obtain, for: = 1,..., K,
B (t) + wiFS (H} (8)) Ai(t — HP (£)dH" (t)
= — B ()t — [f( GOt — 1) + FE(G Nt — ¢ (1)] wH™ (t)dt
+ [F(GEDN(E = G (1) + FE(C )N — ¢ (8)] wirsi ()t
+w FSCHT ()N (t — HP (8))dr () + dET () + dEPy(u) — dDJ(u) + O(n~1?).

(22)

We can then use (21) to write E?{ =c(t) — Zfi{l E? Plugging it into (22) for i = K, we obtain a set of
K linear differential equations with respect to the K -dimensional process (Ef, ey E?{-p H ™). Similar to
what was done to (5.14) in [1], we apply the Gronwall’s inequality together with the stochastic boundedness
of E&, EZQ’ and ﬁf plus the assumed properties of \;, f; and F} to conclude the stochastic boundedness
of the sequence {(E’f, cee E?{-p H™):n € N}. In particular, the sequence { H";n € N} is stochastically
bounded. In view of (3) and (1), we have that { H,;n € N} and {V,,;n € N} are stochastically bounded,
fort =1,..., K. This implies the FWLLN for the HWT and PWT processes, that is, as n — oo,

(H™, HY,...,HY VP, .. VE) = (e,wie,...,wge,wye, ..., wge) in DL (23)

where the joint convergence holds due to converging-together lemma (Theorem 11.4.5. in [6]).

Step 3: The FCLT for the waiting time processes. Similar to the proof of Lemma 5.1 in [1], we invoke
the continuous mapping theorem with (12) and (23) to get

t—w;

Bry(t) = Biy(t) = F(w;) / V@)W, (), (24)

where W), is a standard Brownian motion.

To proceed, we argue that, as n — oo,

Elo(t) = Eia(t) = [ Ff (wi) Fy(w;) - VAi(w)dWe, (u), (25)



for Wy, being a standard Brownian independent of W,,. The essential structure of the proof for (25) is
exactly the same as that of A.7.2 in [1], which in turn draws on Theorem 7.1.4 in [2]. Because the proof can
be fully adapted from theirs, we omit the details.

Moreover, as a direct consequence of the established stochastic boundedness of {(E{L, ce E}QL n c

N}, we have the FWLLN for the busy-server processes

(BY,...,BE) = (m,...,mg) in DX as n— oo
Next a standard random-time-change argument allows us to derive

13:‘() —n 12 [Hg (nm / Bf‘(u)du) — np; / Bf(u)du} = W, <,uz- / ml(u)du> as n — 00,

0 0 0 26)
where we have defined I1¢ to be a unit-rate Poisson process and W, to be a standard Brownian motion
independent of W), and W,,. To establish the convergence of (19) of the main paper, we will need to
strengthen (24), (25) and (26) to joint convergence. The joint convergence of multiple random elements is
equivalent to individual convergence if they are independent. Here ngl, EZ”Q and EZ" are not independent
because both E[”l and E% involve the arrival-time sequence, and ZA)? depends on B;* which in turn correlates
with E7* through (17). But they are conditionally independent given A7, H*, V;" and B}'. Hence, we can
establish the joint convergence by first conditioning and then unconditioning. See Lemma 4.1 of [? ] for a
reference, which is a variant of Theorem 7.6 of [5].

To derive a set of SDEs satisfied by the CLT-scaled processes (ﬁ n B\’f, . ,E?{), we seek to simplify

the right-hand side of (15). First we note that the inequality (16) and the convergence in (25) imply
¢ (1) = wi+ O(n™?) = H'(t) + O(n~'/?). 27
We then use integration by parts to deduce

—/O Wi (G ()X (u — ¢ (w) (H™ (w) = ri(u))du

= — wi FS(CME)Ni(t — () (H™ (8) — kal1))

¢ R (28)
+ /0 wi {F7 (G (W) Ai(u — ¢ (w)) — F(H{"(w))Ai(u — H (u) } A(H" (u) — Ki(u))

+ / wiki(u — ¢ (w)) (™ () — reg(w) )AFE(CP ()
0

~

= — wi FF(wi)Ai(t — wy) (H™(t) — ki(t)) + O(n~1/?),



where the last equality holds due to (27). Upon plugging (28) into (15), we obtain

~

t
i3(t) =~ / wi fy(wi)Ai(u = wi) (H" () = y(u))du — wiFf (wi) Ni(t = wi) (H'(8) = ri#)) + O(n~"/2).
0
Now plugging (11) and the equation above into (19), we get
By (t) + wiFf (wi) Xi(t — wi) H" (¢)
t t t
=— ui/ B'(u)du — / w; fi(wi)Ai(u — w;) H" (u)du + / w; fi(wi)Ai(u — w;)ki(uw)du (29)
0 0 0
Fwi FE(wi)Ni(t — wi)ki(t) + EPy () + ETy(t) — DR (8) + O(n™V?) for i=1,...,K.
The joint convergence (fAI " EZ", ceey E}}) = (fAI ,Bi,....B k) then follows by applying the continuous
mapping theorem (see Theorem 4.1 of [5]) to (20) and (29), with the joint convergence of E’ﬁl, EfQ and
lA??, as specified by (24), (25) and (26), respectively. Alternatively, one can subtract (29) by (20) in the main
paper and invoke the Gronwall’s inequality to show that the difference between the pre-limit and the limit

is bounded by a negligible term as n — oo, as was done in the proof of (4.7) in [1]. The convergence of

{ﬁf; n € N} and {YZ", n € N} follow easily from and (3) and (1), respectively.

Step 4: The FCLT for the queue-length processes. To show that {@?, n € N} converges to the corre-

sponding limit, we decompose the right-hand side of (7) in the main paper into three terms, namely,

Qi (t) = Qf1(t) + Qfa(t) + QF5(1), (30)
where
t o~
n) = vm / Fe(t—w)dAr(u), ¢ 0, 31)
L HE ()
t 1 N B
n(t) = / / Voo pe—upd07 (A0 (), 2) £ 0, (32)
t—Hr (1) Jo
t
() = n / Fe(t — whi(w)du >0, (33)
t—H (t)

10



Accordingly, the centered and normalized queue-length process can be decomposed into three terms

QP (1) = n~ 12 (QF (1) — nai(t)) = Q71 (8) + Q7o) + Q73 (1),

t t
where QU (t) = / F (t —u)dA?(u) = - FC(t—u)dﬁi(u), (34)
/ / 1o puy A07 (A2 (1), @)
Hn (e
N /t EE— )l — wh ()W, (), (35)
f/t " FE(t —w)hi(u)du = FE(wi)Ai(t — wi) H;(t). (36)

Here the proof for (34) and (35) is very similar to that of (24) and (25), and the proof for (36) is also

straightforward. U

2.2 Proof of Proposition 1

The multi-dimensional SDE in (20) of the main paper is equivalent to

% (6“”3@) = et <_wiFic<wi)/\i(t —w;)H(t) - /0 wi fi (wi) i (u — wi) H (w)du + yi(t) + Gi(t)> ;
(37)

B;(t) = /0 Bi(u)du and y;(t) = wi FE(wi)Ai(t — w;)ki(t) +/0 w; fi(wi)Ni (v — w;) ki (u)du.

Integrating (37) from O to ¢ yields

Bilt) = et /0 oo ( Wi (w)Mils — wg) H(s) — /0 i i (wi) A — wg) F(u)du + yi(s) + Gi<s>) as
— <— /0 e FE (wi) (s — wi) H (s)ds — /0 i ()Mt — w0 FE(u) /u " s dsdu

t t
+/ e“"syi(s)ds+/ e‘”SGi(s)ds>
0 0

t 1 — erils=t) \
—/ wiAi(s — w;) (-Ff( petite) fz(w2)> H(s)ds
0

Mg
t ¢
+/ etis Dy (s )ds+/ et G (s)ds.
0 0

11



Summing up over ¢ from 1 to K, we have

¢ K i(s—t
/0 c(s)ds:;éi / Zwl i < FE(w;)eris=) fz(wz)l_cj:i()> H(s)ds

K i

+ Z:/O oHi(s—t) (wiFiC(wi))\i(s —w;)ki(s) + /0 w; fi(wi)Ai(u — wi)ni(u)du> ds
Kt s

T ;/o e /0 \/Ff(wz’))\z'(u —w;) + pimi(w)dWi(u)ds

Kt i(s—t
=3 =) (‘Ff‘ ey ﬁ(w»l_i()) (s)ds

]__eui(s_t)
+Z / widi(s —wi)ri(u) | FE(wi)e' = 4 fiw) = | du
Hi

_ phti(u—t)
+Z/ L\/Fic(wi))\i(u_wi)+Nimi(u)dwi(u)' (38)
=1 70 i
Differentiating (38) yields
Zwu — w;) P (wi) H(t) + / Y wii(s —wi)e D (i Ff (wi) — fi(w;)) H(s)ds
0 =1
+sz it = wi) FE (wi) (¢ / sz 5= )0 (i) + filwi)) rs(s)ds

+ Z/ eri(v=t) \/Ff(wi))\i(u — w;) + pimg (w)dWs(u),
i=1"0
And further aggregating the independent Brownian motions Wy, ..., Wy into W yields the SVE in (26) of
the main paper.
Uniqueness and existence of solution to the SVE (25) of the main paper. Consider two functions x,y €

C satisfying an equation

z(t) = /0 L(t,s)z(s)ds + y(t). (39)

we show that (39) specifies a well-defined function ¢ : C — C such that z = ¥ (y). To do so, for a given y,

we define the operator

t
P(x) = / L(t,s)x(s)ds + y(t). (40)
0
Therefore, x solves the fixed-point equation (FPE)

x = (x). 41

12



We first prove that ¢ is a contraction over a finite interval [0, 7]. Specifically, let 21,22 € C, and use the

uniform norm ||z[|7 = supyo<;<7y [(t)|. We have

meﬂw—w@ﬂGHSAMmﬁmyﬂm—xﬂT

K
sz zFC w;) + filw;
Zizl wiA; Ff (wi)
Hence, we have ||1)(21) — 9(22)||7 < L'T||z1 — 227, where the constant
Sy wid] (i (wi) + fi(w:))
DI Wik (wy)

which is guaranteed by the strict positivity assumptions on w;, A; and FY for all 1 < ¢ < K. In case

Lt =

< 00, (43)

L'T > 1, we can partition the interval [0, 7] to successive smaller intervals with length AT satisfying

AT < 1/L". This will recursively guarantee the contraction property over all smaller intervals. Hence, the

Banach fixed point theorem implies that the FPE (41) has a unique solution over the entire interval [0, T'].
Consequently, the function ¢ specified by (39) is well-defined because ¢(y) has one and only one image

for any y. So we conclude that SDE (25) in the main paper has a unique solution H. If fact, we can write

=0 </0 (-, $)AW(s) + K(-)> .

Remark 2.1 The strict positivity assumptions on \; and F for all classes 1 < i < K can be relaxed. Note

solution as

that the contraction property (42) continues to hold as long as there exists a class i such that )\j and Ff(w;)

are both positive.

To show that H is Gaussian, we again use the contraction 1 defined in (40). We follow the steps that estab-
lish strong solutions in [3]. Define a sequence of processes {fl(k), k =0,1,2,...} such that HO (t) =0,
and H*+D = w(H( )Y with y (¢ fo (t,s)dW(s,w) for k > 0. (For each Brownian path and associated
Brownian integral, we recursively define the sequence.) We can show that H H®) is Gaussian using an induc-
tive argument. Specifically, H*1) is Gaussian because both IN L(t,s)H® (s)ds and J5 J(t, $)dW(s,w)
are Gaussian. Because ¢ is a contraction, we know that H is the almost sure limit of H(* ), which implies
weak convergence. Hence, His again Gaussian (because the limit of convergent Gaussian processes is a-
gain Gaussian). To elaborate, we may consider the characteristic function of H®)(t): @, (s) = eistre—s"03/2
(with py, and ak being the mean and variance of H(k )), which must converge to the characteristic function of
H. Convergence of @ (s) at all s implies the convergence of 115, and ak, which implies that the characteristic

function of I has the form eistes =575/ 2 which concludes the Gaussian distribution.
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Treating the mean and variance of H. Taking expectation in (26) of the main paper yields
mg(t) = /Ot L(t, s)mg(s)ds + K(t), where mg(t) = E[fl(t)} (44)
It remains to show that the FPE x = I'(x) has a unique solution, where = € C and the operator
D(2)(t) = /0 "Lt s)e(s)ds + K (1),
We can do so by showing that I : C — C is another contraction. Specifically, for x1, x2 € C,

P(z1)(t) = T(22)(1)] < /0 |L(t, 5)lz1(s) — 22(s)lds < LTt]|z1 — 2a]ls,

where the finite upperbound LT is given by (43). The rest of the proof is similar.

To treat the variance of I , consider the SVE (25) of the main paper at 0 < s,t < T
t t
H(t) —/ L(t,u)H(u)du:/ J(t, u)dW(u),
0 0
H(s) —/ L(s,v)H (v)dv :/ J(s,v)dW(v).
0 0
Multiplying the two equations and taking expectation yield that
t s SAL
C(t,s) = —/ / L(t,u)h(s,v)C(u, v)dvdu+/ J(t,w)J (s, u)du
0o Jo 0
t s
+/ L(t,u)C(u, s)du +/ h(s,v)C(t,v)dv,
0 0
where C(t, s) = Cov(H (t), fl(s)), or equivalently, an FPE
¢ =0(0), (45)
where C(-,-) € C([0,T]?), and the operator
t s t
OC)(t,s) = —/ / L(t,u)h(s,v)C(u,v)dvdu + / L(t,u)C(u, s)du
0o Jo 0
s SNt
—I—/ L(s,v)C(t,v)dv + / J(t,u)J (s, u)du. (46)
0 0

Using the norm ||z||7 = sup |x(¢,s)|, we next prove that © is a contraction. Specifically, for z1,x2 €
0<s,t<T

C([0, T)?), we have
10(21)(t, 5) — Ows) (1, )| < /Ot /OS|L(t,u)L(s,v)| s (1, 0) — o (1, ) |dwdu

+ /Ot |L(t,u)| - |z1(u, s) — z2(u, s)|du + /08 |L(s,v)| - |z1(t,v) — z2(t,v)|dv

< ((LT)Zts + LTt + LTS) 1 — 2|7

14



The contraction property is guaranteed if we pick some small enough AT > 0 such that ((LT)QAT2 + 2LTAT) <
1. According to the Banach contraction theorem, we have the uniqueness and existence in the small block

[0, AT]?. The uniqueness and existence of C(-,-) over the entire region [0,77] x [0, 7] can be proved by
recursively dealing with small blocks of the form AT, (i + 1)AT] x [JAT, (j + 1)AT].

Remark 2.2 (Numerical Algorithm for J% (t)) The above proof of the existence and uniqueness of the
FPE (45) automatically suggests the following recursive algorithm to compute the covariance C(t,s) and
variance O'%(t). To begin with, we pick an acceptable error target € > (.

Algorithm:
(i) Pick an initial candidate C0)(-, -);
(i) In the k™ iteration, let C*+1) = @ (C’(i)) with © given in (46).
(i53) If |C*+D) — CW)||p < € stop; otherwise, k = k + 1 and go back to step (ii).

According to the Banach contraction theorem, this algorithm should converge geometrically fast. When it
finally terminates, we set U%(t) = C(t,t), for0 < t < T, which will be used later to devise required control

functions c and k;. (Il

2.3 Proof of Proposition 2
First note that the FPE (28) of the main paper specifies a well-defined function ¢ : C — C such that
Mg = ¢(K). (47)

See the proof of the uniqueness and existence of the SVE (specifically, see (39)—(43)) for details. (In fact, it
is not hard to see that the function ¢ in (47) is Liptchitz continuous and linear.)

Let (k*,¢*) = (K],..., K}, "), with ¥ and ¢* given in (34) and (33) of the main paper. Let K* and
Ml’i{ be the corresponding version of (27) of the main paper and the mean of H. (We know that K*(t) =
M]*q(t) = 0.) So we have

)

Ri(t) = KI(E) — ME() = 21-a,05(t), 1<i<K. 48)

Now consider another solution to (&, ¢) to (32) of the main paper, with (K,¢) = (k] + Ak1,..., K} +
Ak, ¢+ Ac). Let K and M 7; be the corresponding version of (27) of the main paper and mean of H. By
(32) of the main paper, we have

ki (t) + Ari(t) — Mg(t) = 21-0,05(1),, 1<i<K. (49)



Comparing (48) with (49), we must have

Ari(t) = Mz(t) — M}I(t) = Ak(t) foralll <i< K. (50)
Hence, any alternative solution to (32) of the main paper (if any) has the form (k] + Ak, ..., K} + Ak, "+

Ac). Next, Mz = ¢(K*) and Mﬁ = ¢(K) imply that

ME(t) = /0 L(t,s)M% (s)ds + K*(t) and M(t) = /O L(t, s) M (s)ds + K (t),

which leads to
Ar(t) = My (t) - M%(t) = /0 Lit,5) (W (s) = M (s)) s+ (K (1) — K*(1)),
or equivalently Ax = Mp — M = ¢ (f( - K) ,
mearing
At = [ Lt )an(o)ds + (R0~ ) )

By (50) and (27) of the main paper, we have

~ k() LIy () = Jy m()em =i = b (w)ds) = Ac(t)

Kit)—-K*(t) = 52
(1)~ K* (1) 0 (52
Finally, combining (51) with (52), we must have, for any Ak,
K t t
ety = () 3 () = [ )00 = s whas ) uie) () = [ Lt 9n(s)as) =0,
=1 0 0

where the last equality above holds by (27) of the main paper. Therefore, we can see that c is indeed unique,
but ; is only unique up to adding a arbitrary common function A, which is consistent with our intuition. [
2.4 Proof of Theorem 2

The FCLT limits in Theorem 2 implies the FWLLN, that is, we have
(H', V") = (wie,w;e) in D? for 1<i<K, as n— oo,

where ¢(t) = 1. To prove part (i) of Theorem 2, it is sufficient to show that {V;",n > 1} and {H]*,n > 1}
are uniformly integrable (u.i.).
We first prove that the queue length Q' is u.i. To do so, note that @)}, which is further bounded by

the queue length of an M;/G1 /oo infinite-server model, having arrival rate A7 (¢) and service hazard rate

16



hi(x) = min{h;(z), u;}. Denote its queue length by X7 (¢). We have Q" (t) <. X! (t). Because X (t)

is a Poisson r.v., the u.i. of X7 (t) is straightforward. Specifically, we have

<oo, (53)
n

t t 2
_ At — x)Gi(x)d At — x)Gi(x)d
supE [(X(0))7] = sup | S HIGHET (fo £~ 2)Gi(x) “’”)
where G; is the cdf having hazard rate iLZ'. See Proposition A.2.2 in [2].

Next, we write the PWT

Q)
Vi) =Y U,
=0

where Uj is the time between the 4™ and (j + 1)*® departure times of existing waiting customers at queue

1. Here a departure includes abandonment and entrance to service. Then

Q)
E[VP®%] =E| > U)+3_ Uil
§j=0 J#k
< (E[QU(t)] + 1) ol +E[Q}(t)* + QF (t)] (i)’

where i = minj<;<x 1.
Using the bound in (53), we have sup,, E [V;"(¢)?] < oo, which implies u.i. of V;(¢). The uw.i. of H is

straightforward because 0 < H'(t) < T + w.

We next prove part (ii) of Theorem 2. The TPoD for class-i customers

PV (1) > wi) = P(V/a(V"(t) = wi) > 0) = P(V]'(¢) > 0)

SP(Vi(t) > 0) =P (wi (ﬁ(t +w;) — Kt + wi)> > 0)

/ﬁ(t + ’U}i)

:P(ﬁ(t+w¢)>ﬁi(t+wi)) :P<Z>Uﬁ(t+wi)

) =P(Z > z4,) = i,
where the third equality holds by (22) of the main paper. ([l

2.5 Proof of Corollaries 2—4

Proof of Corollary 2. Because the functions L(¢, s) and J(¢, s) are now separable in ¢ and s, SDE of H

becomes

ft) = Rtt) /0 f/(s)f[(s)ds—i—R:Ew /0 J(s)dW(s) + K (b), (54)
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where R(t), L(t) and .J(t) are specified in Proposition 1. Multiplying R(t) on both sides and differentiating
(54) yield

R (t) — L(t) ~ . J(t) K(t)R'(t)
———CH(t)dt + dH(t) = ==dW(t) + K'(t)dt + —Z—=dt.
Ry B0+ () = Zasaw(n) + K (dt+ = g
) t R’(t)fi(t)dv
Multiplying e’ E® on both sides and integrating from O to ¢ yields
OtR g(uf(v / fu R/<U) L(U)dv (( ))dW( )
u v v u v v /
/ i Gy / o Mk, K@R ()
R(u)
or equivalently,
~ t R <v> L(v)dv J(u)
Hity=[ et dw
0=/ v
¢t R()-L() 4 U 4 R(v)—L(v) W K /
b [ g 4 [ LR KOR W, (55)
0 0 R(u)
Note that
o STy tog R(w—log R(t) i Fefde _ B(W) gt Z3ao (56)

R(t)
Combining (55) and (56) yields the desired solution in Corollary 2. The variance formula in Corollary 2

easily follows from the isometry of the Brownian integral. U

Proof of Corollary 3. When \;(¢) = \;, and p; = p we automatically achieve

A FC(w;) K X
mi(t) =mi= ===, () =n= D ni=> wikiFf (w) (57)
= i=1

and the variance formula simplifies to

_ Zzlil (Fic(wi))‘i + pm;) ! 2(n/m+f1f S milp—hr (wi))dv)
(t) T ; en d

U

K
_ 2 FQZ‘C(wi)/\i e,% S b, (wi) /t 627“(2521 nikr, (wi))du.
n 0

Now, the integral is of an elementary function and after simplification and letting ¢ go to infinity, we have

the following expression for the asymptotic variance:

K C K C
o2 (1) = - 2 iz Fi (U’;‘{))‘i (1 P DY mhFi(wi)) R— 2im1 Aik I(;Ui) ’
a N> ey M (wi) D252 mihr, (w;) Doim WiNiFF(wi) Y 05t wiki fi(w;)

Therefore, at t — oo, we have

K
(t) — Ky =21 al\/ Zz 1 [((wZ) , Cl(t) — = m/{i‘
Sy widiFe (w ) 2im1 Wik fi(w) K
And the convergence occurs exponentlally fast. g
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Proof of Corollary 4. When K = 1, the variance formula (39) simplifies to

o(t) = ()\/ [ ehrton (Feir ) + pmia) v
n(t) 0

Therefore, the second-order staffing term

0

t
o(t) = 21_ge M e~ hr (W)t ut \// e2hr(w)u (Fe(w)A(u —w) + pm(u)) du

—(u — hp(w)) /0 e~ hr(w)sens \//08 e2hr(W)u (Fe(u)\(u — w) + pm(u)) duds)

= 2w (200~ (u= hetw) [ 20505 )

for Z(t) given in Corollary 5. O

3 Additional Numerical Studies

3.1 Implementation Details

All Monte Carlo simulations were conducted using MATLAB. We sample the values of the performance
functions at fixed time points AT, 2AT,..., NAT = T where T' = 24 is the length of the time interval,
the step size (sampling resolution) is AT = 0.01, and N = T'/AT = 2400 is the total number of samples
in [0, T]. To collect simulated data of PWT, on each simulation run, we create frequent virtual arrivals at
all queues with interarrival time AT'. These virtual customers behave like real customers while in the queue
and capture what the system experience would be like for a customer had they arrived at the given sampling
time points. However, these virtual customers, when they are eventually moved to the head of the queue and
assigned with a server, will not enter service; instead, they are removed immediately from the system after
their elapsed waiting times have been recorded. For instance, the jth (1 < 5 < N) class-i virtual customer
arrives at queue 7 at time jAT. If this customer is removed (from the head of the line) at time ¢, then the
system collects a sample for the class-i PWT at time jAT on the [*" run: Vil (JAT) =t — jAT. The class-i
mean PWT and TPoD at time t; = jAT are estimated by averaging m (e.g., m = 5000) independent copies

of V;(jAT) and indicators 1y (;AT)>w,}> Namely, we use the unbiased Monte-Carlo estimators

— 1

Vi) = — Zvl GAT) and - P(V{t) > w) 5521{vum>wz}

The numerical integrations (for the variance formulas and control functions) were done using the trapezoidal

method in MATLAB.
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3.2 Additional simulations for TPoD using the two-class base model
3.2.1 Confidence intervals

Supplementing Figure 4 in the main paper, we provide a the 100(1 — 3)% = 99% confidence intervals
(CIs) for the two-class based model. See Figure 2 for the variance bands (shaded in grey). Recall at every
t € [0,T1], we use the unbiased estimator Y;j(t) = 1yy;(1)>w,} to estimator the class-i TPoD, which has
mean E[Y;(¢)] = «a; and variance Var(Y;(¢)) = «a;(1 — «;). Based on this, the half width of the CI is
Z1-8/2 \/\W/\/ﬁ ~ 0.0146, when the number of samples is m = 5000. Figure 2 shows that our
Monte-Carlo simulations indeed yield accurate estimations of TPoDs, which meet desired targets at all

times.

o
o
T

1

Tail Probability
of Delay

o
1N
T

1

o 4 8 12 16 20 24

Figure 2: Simulation comparison for a two-class model with 99% confidence intervals simulated class-
dependent TPoD P(V;(t) > w;), with 1 = pe = 1, n = 50, w1 = 0.5, we = 1, a1 = 0.2, ag = 0.8, and

5000 independent runs.

3.2.2 Class-dependent service rates

We extend the two-class base model in §4.1 of the main paper to the case of class-dependent service rates,
p1 = 0.5 and py = 1. In this case we numerically compute the variance process of H (t) and required
control functions using our contraction based algorithm given in Remark 2.2. We pick the error tolerance
e = 107%; and our contraction-based algorithm converges in 42 iterations. Similar to the case of class-
independent service rates, TV-SRS and TV-DPS continue to achieve good TPoD performance. See Figure 3

for the simulation results.
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Figure 3: Simulation comparison for a two-class model with class-dependent rates: (i) arrival rates (top
panel); (ii) simulated class-dependent TPoD P(V;(¢) > wj;) (middle panel); and (iii) time-varying staffing
level (bottom panel), with p; = 0.5, uo = 1, n = 50, w; = 0.5, wy = 1, a1 = 0.2, ag = 0.8, and 5000

independent runs.

3.2.3 Bigger staffing intervals

We extend our discussion in §4.1.2 of the main paper to further study the impact of inflexible staffing
functions. We do so by increasing A;. In Figure 4, we compare the TPoD performance for a system staffed
according to the MSL method with A; = 0.5 and A; = 2. As expected, when increasing the interval length,

the staffing level becomes too rough to cope with the time-varying demand, thus unable to achieve desired

performance stabilization.

3.2.4 Smaller delay targets

In §4.2.1 of the main paper, we have considered the case of small delay targets w; = 0.1, wy = 0.2, Figure
6 there shows that our methods continue to achieve stable performance for both classes. We now set w; and
wy to values that are closer to 0. In Figure 5, we give simulations for two cases of smaller w;: (a) w; = 0.05,
wy = 0.1; and (b) w1 = 0.01, wy = 0.02. The other parameters are the same as in Figure 6 of the main

paper. According to Figure 5, we see that stable TPoD performance is achieved for case (a); however, our
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Figure 4: Simulation comparison for a two-class model with fixed-staffing intervals: (i) arrival rates (top
panel); (ii) simulated class-dependent TPoD P(V;(¢) > w;) (middle panel); and (iii) time-varying MSL
staffing A; = 0.5, 2 (bottom panel), with 3 = po = 1, n = 50, w; = 0.5, we = 1, a1 = 0.2, ag = 0.8,

and 5000 independent runs.

method is no longer effective for case (b). This is consistent with our intuitions. First, all heavy-traffic
results on asymptotic service differentiation have been established under the assumption that w; > 0, which
puts the model in the efficiency-driven regime (namely, the system is asymptotically overloaded). However,
for any finite n (hereby n = 50), a small w; ~ 0 will place the system in the quality-and-efficiency driven
(QED) regime. Therefore, effective TPoD control with extremely small w; will require the knowledge of
the corresponding FCLT limits in the QED regime. In the case w; = 0 so that TPoD degenerates to PoD,
our method should fail completely. After all, w; appears in the denominator of the TV-DPS control formula.
We remark that the problem of achieving differentiated and stabilized PoD performance remains an open

problem.

3.2.5 Relaxation of the assumption on class-dependent arrival times

Recall that at the beginning of §2 of the main paper, we made the following assumptions on the arrival

processes.
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Figure 5: Simulation comparison for a two-class model with smaller delay targets: (i) arrival rates (top
panel); (ii) simulated class-dependent TPoD P(V;(¢) > w;) (middle panel); and (iii) time-varying staffing
(bottom panel), with (a) w; = 0.05, w2 = 0.1 (left) and (b) w; = 0.01, we = 0.02, u3 = pue = 1, n = 50,
a1 = 0.2, as = 0.4, and 5000 independent runs.

Assumption 3.1 (Arrivals begin at different times) Each class-i arrival process A;(t) begins at time —w; <

0,1<:<K.

Such an assumption is imposed to facilitate the mathematical treatment. We now elaborate: Given class-
dependent delay targets 0 < w; < wy < --- < wg (without loss of generality we order them in the
increasing order), each class-¢ arrival process begins at a different (negative) time —w;, and class-¢ arrivals
begin to occur earlier than class-j arrivals for 7 > j. By time O at which we begin to serve all customers
following TV-SRS and TV-DPS, we already have enough candidate customers, and more important, each
class-i HoL customer is “old” enough (reaching the specific class-¢ delay target w;). This provide a clean
condition for us to implement TV-DPS. (Note that we do not serve any customer until time 0 because our
TV-SRS s(t) =0 fort < 0.)

We now relax Assumption 3.1 by allowing customers of all classes to arrive at the same time ¢t = 0.
Without loss of generality, we can simply let all customer classes to begin their arrival processes at time
—WK = 1?%}%( w; < 0. (It suffices to later shift time by wg units.)

Assumption 3.2 (Arrivals begin at the same times) All arrival processes {A;(t),1 < i < K} begin at the
same time —w* = — max w; < 0.

1<i<K

23



Comparing Assumption 3.2 to Assumption 3.1, we now allow additional arrivals to occur before time 0 for
classes 1,2,..., K — 1. Specifically, extra class-i arrivals occur in the augmented interval [—wg, —w;),
1 < i< K — 1. In the n*® system, Assumption 2 add approximately O(n(wg — w;)) initial customers to
the i*" queue, 1 <i < K — 1.

We first give a numerical example to illustrate the effect of adding additional customers at time 0 under
Assumption 3.2 with the system operating under TV-SRS and TV-DPS based on Assumption 3.1 (the for-
mulas currently used in the main paper). In Figure 6, we reuse our two-class base example. The second plot
shows that that the additional initial customers can have significant impact on the TPoD performance; they
cause an initial rampdown (understaffing), see the dotted-and-dashed lines. We believe this performance is
still acceptable, because stable TPoD is achieved after some initial “warmup” time.

Nevertheless, we next discuss how to adjust our staffing and scheduling formulas to eliminate the initial
TPoD bumps. To treat the new (more complex) assumption 3.2, we follow the discussions in Remark 3
of the main paper. We partition the negative interval [—wg,0) into K consecutive subintervals: 7; =
[—wk, —wg +w1), Iy = [~wg + w2, —wg +ws3), ..., Lx = [~wg +wgk—_1,0). In the interval Z;, we do
not serve any customers. In Z,, we act as if there is one customer class, namely, class 1 (we compute the TV-
SRS formula using arrival rate A1 (¢)14cz,}). In Z3, we pretend that there are only two classes, namely class
1 and 2 (we only serve the first two classes using 2-class TV-SRS and TV-DPS formulas calculated based on
arrival rates A1 (t)1gc7,) and A2 (t)14ye7,0z,))- Inthe interval 7;, 3 < i < K, we serve the firsti — 1 classes
and compute the TV-SRS and TV-DPS formulas using arrival rates A1 (t)1ge7, 1y> A2(t)1jrez, Uz, 13s - - -
Ai-1(t) ez v uz,_ y- At time O and beyond, the TV-SRS and TV-DPS rules are implemented in the usual
way for all classes (using arrival rates A1 (¢) 14, <¢<7}> - - -» Ak (8) (e <t<T))-

Using the same two-class example, we plot the simulated TPoD curves in Figure 6 under the refined
policy; see the two solid lines in plot 2. This shows that our refinement on our “piecewise” TV-SRS and TV-
DPS in consecutive intervals indeed achieve stable TPoD performance starting from the beginning (without

needing a warmup period). See plot 3 of Figure 6 for the two staffing functions.

3.3 Staffing and scheduling to differentiate the mean PWT

We have shown in Theorem 2 of the main paper that TV-SRS and TV-DPS achieves asymptotic stabilization
for both mean delay E[V;(¢)] and TPoD P(H;(t) > w;) at desired targets w; and «;.

We will next provide simulations to confirm the effectiveness of our methods using E[V;(¢)] as the
performance metric. First, we note that this is a performance metric that depends only on w;, not a;;; and our

fine-tuning second-order control functions (second-order safety staffing term ¢ and second-order scheduling
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Figure 6: Simulation comparison for a two-class model with both classes begin to arrival at the same time
—wsq: (i) arrival rates (top panel); (ii) simulated class-dependent TPoD P(V;(t) > w;) under both staffing
functions (middle panel); and (iii) two staffing functions (bottom panel), with w; = 0.05, wy = 0.1,

w1 = p2 =1,n=>50,a; = 0.2, g = 0.8, and 5000 independent runs.

threshold «;) are developed to account for the probability target «;. Indeed, it is clear from (14) and (15)
of the main paper that these second-order terms will play negligible roles as the scale n increases, which is
consistent with our asymptotic stability results in Theorem 2. For simplicity, in this section we will set the
probability target o; = 0 for all 1 <4 < K, so that ¢(t) = x;(t) = 0 and TV-DPS and TV-SRS degenerate

to the simpler HW1-based dynamic prioritization and offered-load staffing

{Hi(t)

i* € arg max

1<G<K | w;

} and s(t) = m(t). (58)
This simplification is intuitive: The basic idea of using the second-order terms to set the tail probability
P(V*(t) > w;) to «; is to asymptotically adjust the mean of the nearly Gaussian distributed XZ"(t) so that
the probability mass above 0 is equal to o, see (31) of the main paper. According to the symmetric structure

of the limiting Gaussian distribution, we should set a; = 0 in order to have the mean of V" (¢) balanced at
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w;.

We next give simulation results. consider sinusoidal arrival rates
Ai(t) = Ai (1 +risin(yit + ¢7)) 1<i<K, (59)

with average rate );, relative amplitude |r;| < 1, frequency 7;, and phase ¢;. We first consider a two-
class base model, where Class 1 and Class 2 represent high and low priority customers respectively. We
let A\i(t) = 1, 2(t) = 1.5,r1 = 0.2,70 = 0.3, = 72 = 1,¢1 = 0,¢p = —1. Abandonment times
follow class-dependent exponential distributions with PDF f;(z) = 0;e~ % We let §; = 0.6, 63 = 0.3.
Service rates are class-independent and standardized so that ;1 = 0.5, ug = 1 (with mean service time
1/p; = 1). To prioritize Class 1, we set higher QoS levels (i.e., lower target wait time). We set our target
QoS parameters as w; = 0.5 and we = 1 (a3 = az = 0.5).

Paralleling §4 in the main paper, we consider the following cases:

(i) Base case. The two-class model described above with sinusoidal arrival rates in (59), and scale

n = 50. See Figure 7 and Table 9. The relative performance difference is controlled under 3%.
(i) High QoS. The example in (i) with smaller delay targets w; = 0.1, w2 = 0.2. See Figure 8.

(iii)) Smaller arrival rate. The example in (i) having the sinusoidal arrival rates in (59) with n = 5. See

Figure 9.

(iv) Mixed arrivals. The example in (i) with class-1 arrival rate reduced by an order of magnitude (i.e.,

A1 = 0.1. See Figure 10.

(v) Five-class example. The five-class example in §4.2.5 of the main paper, with a; = 0.5, 1 <7 < 5.

See Figure 11.

Table 2: Five Class Model: Class specific parameters and QoS target levels

Class parameters Delay targets
Class p) r 0% 1) 0 m w
1 1.0 0.20 0.5 0 0.6 1 0.2
2 1.5 0.30 1.0 -1 0.3 1 0.4
3 1.2 0.05 1.3 1 0.5 1 0.6
4 1.1 0.15 1.6 -2 1.0 1 0.8
5 1.6 0.40 2.0 2 1.2 1 1.0
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The Monte-Carlo simulations are conducted by generating m independent runs, with m = 5000 when the

scale n = 50 and m = 20000 when n = 5. From Figures 7—11, we conclude that our staffing and scheduling

rules in (58) successfully achieve stabilized performance across all classes.
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Figure 7: Simulation comparison for a two-class model: (i) arrival rates (top panel); (ii) simulated class-dependent

mean PWT E[V;(¢)] (middle panel); and (iii) time-varying MSL staffing (bottom panel), with 1 = 0.5, po = 1,

n = 50, wy = 0.5, we = 1, and 5000 independent runs.

Table 3: A two-class base case: Average, max, and min of (simulated) delay and relative differences to their

target levels, using floored, rounded, and ceiled versions of the TV-SRS formula.

Avg. Max Min
Class Floor =~ Round Ceiling Floor Round  Ceiling Floor =~ Round Ceiling
wy 04980 0.4983  0.4991 0.5019  0.5013  0.5035 0.4940 0.4945  0.4967
: % (-0.39) (-0.34) (-0.18) (+0.38)  (+0.25) (+0.69) (-1.20)  (-1.09) (-0.66)
) we 09823 0.9828  0.9845 0.9928  0.9902  0.9965 09720 09717 0.9755
% (-1.77)  (-1.72)  (-1.55) (-0.72)  (-0.98)  (-0.35) (-2.80) (-2.83) (-2.45)
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Figure 8: Simulation comparison for a two-class model with smaller delay targets: (i) arrival rates (top panel); (ii)
simulated class-dependent mean PWT E[V;(¢)] (middle panel); and (iii) time-varying MSL staffing (bottom panel),
with p1 = 0.5, pue = 1, n = 50, wy = 0.1, we = 0.2, and 5000 independent runs.
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Figure 9: Simulation comparison for a two-class model with smaller arrival rates: (i) arrival rates (top panel); (ii)

simulated class-dependent mean PWT E[V;(¢)] (middle panel); and (iii) time-varying MSL staffing (bottom panel),
with 3 = 0.5, o = 1, n = 5, w; = 0.5, wy = 1, and 20000 independent runs.
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Figure 10: Simulation comparison for a two-class model with mixed magnitudes of arrivals: (i) arrival rates (top

panel); (ii) simulated class-dependent mean PWT E[V;(¢)] (middle panel); and (iii) time-varying MSL staffing (bottom

panel), with p1 = 0.5, us = 1, n = 100, A1 = 0.1, wy = 0.1, wy = 0.2, and 5000 independent runs.
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Figure 11: Simulation comparison for a fixe-class model: (i) arrival rates (top panel); (ii) simulated class-dependent

mean PWT E[V;(¢)] (middle panel); and (iii) time-varying MSL staffing (bottom panel), with 5000 independent runs,

and model parameters given in Table2
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