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Abstract

A functional law of the iterated logarithm (LIL) and its corresponding LIL are established
for a multiclass single-server queue with first come first served (FCFS) service discipline.
The functional LIL and its LIL quantify the magnitude of asymptotic stochastic fluctuations
of the stochastic processes compensated by their deterministic fluid limits. The functional
LIL and LIL are established in three cases: underloaded, critically loaded and overloaded,
for performance measures including the total workload, idle time, queue length, workload,
busy time, departure and sojourn time processes. The proofs of the functional LIL and LIL
are based on a strong approximation approach, which approximates discrete performance
processes with reflected Brownian motions. Numerical examples are considered to provide
insights on these limit results.

Keywords Functional law of the iterated logarithm - Law of the iterated logarithm -
Multi-class queue - First come first served service discipline - Strong approximation

Mathematics Subject Classification 60K25 - 60F17 - 60B10 - 90B22

1 Introduction

In this paper, we develop a functional law of the iterated logarithm (LIL) and its corresponding
LIL for a multi-class batch-arrival (GI8/GI)X /1/FCFS queue, which has one server, K
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customer classes and first come first served (FCFS) service discipline, a renewal batch-arrival
process (the first GI) and independent and identically distributed service times (the second
GI).

In the literature of queueing theory, the multi-class batch-arrival queueing system under
FCFS service discipline largely captured researchers’ attention in recent 30 years because
these queueing models are closely related to many actual applications in life, including data
packetization in communication system, central processing unit (CPU) scheduling in com-
puter system and packet-switched communication networks, see Kulkarni and Glazebrook
(2002) and Whitt (1983a). Many stochastic approximation theories have been established for
this type of queueing networks with arrival in batches and FCES service discipline, includ-
ing stationary probability distribution for single-server queue (Van Ommeren 1990) and
infinite-server queue (Falin 1994; Whitt 1983b), and for multi-class discrete-time queueing
system (Clercq et al. 2013), fluid approximation for multiclass queueing networks (Chen and
Zhang 1997) and many-server queue (Whitt and Talreja 2008), diffusion approximation for
multiclass queueing networks (Chen and Zhang 2000; Pang and Whitt 2012), strong approx-
imation for feedforward queueing network (Chen and Shen 2000; Chen and Yao 2001),
stationary optimal policies under a linear cost structure (Lee and Srinivasan 1989), and the
auto-covariance analysis (Liu and Templeton 1993), etc. We mainly develop our results of
functional LIL and its LIL with the help of strong approximations, so the most associated
previous work to the current paper is Chen and Shen (2000), which obtained the strong
approximation for multi-class (GI/G1I)X /1/FCFS model, and induce us to find the strong
approximation for multi-class (GIZ/GI)X /1/FCFS queueing system.

The LIL and functional LIL are belong to the field of stochastic process limit, which is
the most commonly used method for the performance analysis of non-Markov queue. The
(GI8/G1)X /1/FCFS queueing model considered here is a standard non-Markov queue.
Hence, our work is related to the stochastic process limit. The first scientists to work in
this direction include Kingman (1962), Prohorov (1963), Borovkov (1976, 1984), etc. These
older generation of scientists provided the basic theoretical framework of performance anal-
ysis for the non-Markov queue by the stochastic process limits, which pointed out a scientific
direction of queues for us until today. Base on these fundamental research frameworks and
outcomes, later scientists did lots of excellent works in this topic. Iglehart and Whitt (1970a)
studied the asymptotic performance of multiple channel queues in heavy traffic. Karpelevich
and Kreinin (1981) investigated solution of diffusion equations for the two-phase queuing
system GI/G/1 — G’/1/oc in heavy traffic. Grigelionis and Mikulevicius (1987) investi-
gated application of martingale methods in queueing system in heavy traffic, also see Pang
etal. (2007). A separate direction was the recursive methods for the queueing LIL developed
by Sakalauskas and Mikulevicius in multiphase systems (see MinkeviCius and SteiSinas
2003) and open networks (see Minkevicius 2014; Sakalauskas and Minkevicius 2000) oper-
ating under different load conditions. This separate topic is very similar with our paper, the
difference between them is the used method because we prove the LIL and functional LIL
based on the strong approximation rather than the recursive method.

The functional LIL result was firstly developed by Strassen (1964) and established for
the standard k-dimensional Brownian motion, denoted be W. Let {W,(¢t),n = 3,4, ...} be
a sequence of scaled k-dimensional Brownian motion with W, (t) = W (nt)/+/nloglogn,
Strassen showed that, with probability one, the sequence {W,,, n > 3} is relatively compact
(that is, every subsequence has its own convergent subsequence) in [0, 1] and that the limits
of the convergent subsequences are contained in compact set, which is the set of absolutely
continuous k-dimensional functions x satisfying x(0) = 0 and fol [x (t)]2 dr < 1, where the
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square is the inner product, x(¢) denotes the derivative of x at z. In words, the compact set of
all limit points is defined as

1
{x e €0, 17: x(0) = 0, / X)) dt < 1] ,
0

where CK[0, 1] denotes the functional space of continuous functions defined on [0, 1].
Strassen’s result of the functional LIL is the basis for this issue research, and has many
applications in different research. Caramellino (1998) used Strassen’s result to find the func-
tional LIL of diffusion process. Tsai (2000) applied Strassen’s result to Markov chain with a
countable state space. For queues, Iglehart (1971) adopted Strassen’s result to obtain the func-
tional LIL for queue lengths, departures and waiting times of the multiple channel queueing
systems in heavy traffic.

The LIL is an earlier result than the functional LIL and was developed by Lévy (1937,
1948). Compared with the functional LIL, the LIL give us more intuitively numerical repre-
sentation. This earliest LIL is also for a standard Brownian motion W, that is, for a standard
Brownian motion W,

. W) o W)

TP Vaiieglogr R oroglonr -
with probability one. The LIL in form (1.1) is called the strong version because the LIL in
(1.1) provides an explicit value “1” on the right-hand side to quantify the asymptotic rate of
the increasing variability for a standard Brownian motion. Based on the LIL for Brownian
motion, various LIL results have later been developed for performance functions in queueing
systems, such as multiple channel queues in heavy traffic (Iglehart 1971) by a method based
on renewal process, the strictly overloaded tandem queueing model (assuming all queues are
strictly overloaded) (Minkevicius and SteiStinas 2003) using a recursive method, the strictly
overloaded generalized Jackson network (Minkevicius 2014; Sakalauskas and Minkevicius
2000), and queues with customer priorities (Guo and Liu 2015; Guo et al. 2018) based on
strong approximation.

Supplement to the strong version of LIL (1.1) above, a weak version of LIL received
researchers’ wide attention in the literature. In contrast to the strong form in (1.1), Chen and
Yao (2001) provided a weak form of LIL for the queue length process Q (centered by its
fluid function Q) of the G1/G1/1 queue: they showed that supy—,~7 | Q(t) — Q(1)| isin the
same order of the function /T ToglogT as T — oc. That is, supy, <7 |Q(t) — Q(t)| =
O(+/TToglog T) with probability one. The result is called the weak form because the LIL
limit [as in (1.1)] was not clearly identified. Beyond an independent theoretical result, the
weak LIL is usually used as a tool to prove the strong approximation for queueing networks.
See Chen and Mandelbaum (1994), Chen and Shen (2000) and Chen and Yao (2001) for
more results on weak LILs.

Our contributions We summarize our contributions in three directions.

e First, we establish a functional LIL in Strassen’s version and a LIL in Lévy’s version as
in (1.1) for the key system functions of the (GIZ/GI)X /1/FCFES queue, including the
total workload, idle time, queue length, workload, busy time, departure and sojourn time
processes (see Sect. 2 for their definitions).

e Second, we cover all three cases of the traffic intensity p: (i) underloaded with p < 1,
(ii) critically loaded with p = 1 and (iii) overloaded with p > 1. In terms of the model
input parameters, we identify the LIL and the functional LIL of the above performance
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measures as simple absolutely-continuous function sets and analytic functions, respec-
tively.

e Third, our results on the functional LIL and the LIL limits provide interesting and some-
times counterintuitive observations. For example, Theorem 3.2 shows us that the Little’s
law between the queue length and the workload processes in the functional LIL version
(the function-set-version) generally holds in the under loaded and overloaded cases and
fails in the critically loaded case, and Theorem 3.3 presents a similar insight on the Little’s
law in the LIL version (the functional version)

The strong approximation approach We obtain the functional LIL and the LIL results
based on the strong approximations. We first relate the functional LILs of the performance
functions to the functional LILs of their strong approximations; we next is to obtain the
desired functional LIL limits by analyzing the (reflected) Brownian motions given by the
strong approximations. We briefly demonstrate the idea of strong approximation using a
renewal process {N (t), ¢t > 0} with rate » > 0 and interrenewal-time variance o~ < co. Let

N(t) = At and N be the SA for N. We write
N@#)~N@) =N@) + 13 2oW), (1.2)

for a large r > 0, where W (¢) is a standard Brownian motion. In addition, the error of the
strong approximation N (t) — N@)isa higher order infinitesimal of ¢!/ with some r > 2,
see Horvath (1984a,b). Strong approximations have been developed for various stochastic
processes, such as random walks (Csorg6 et al. 1987) and renewal-related processes (Csorgd
and Révész 1981; Csorg6 and Horvath 1993). There is a large volume of literature using the
strong approximation to study queueing models, including the GI/G1/1 queue (Chen and
Yao 2001), GI/G1 /oo queue (Glynn and Whitt 1991a), multiple channel queue (Zhang et al.
1990), tandem-queue network (Glynn and Whitt 1991b), generalized Jackson network (Chen
and Mandelbaum 1994; Horvéth 1992; Zhang 1997), non-preemptive priority queue (Zhang
and Hsu 1992), time-dependent Markovian network queues (Mandelbaum and Massey 1995;
Mandelbaum et al. 1998) and feedforward queueing networks (Chen and Shen 2000; Chen
and Yao 2001).

Organization of the paper In Sect. 2, we formally introduce the (GI8/GI)X /1/FCFS
queue, and review its fluid limit, which are used to construct the FLILs and LILs. In Sect. 3,
we present our main results Theorems 3.2 and 3.3 . We also provide insights of these results.
In Sect. 4, we give the proofs of the main results and other supporting results. In Sect. 5, we
provide concrete numerical examples to give some insights from an engineering perspective.
Finally, we draw conclusions in Sect. 6.

Notations We now summarize all notations used below. All random variables and processes
are defined on a common probability space (€2, F, P). We reserve E(-) for expectation and
Var(-) for variance. We write X =4 Y if X and Y have the same distribution. We use
R¥ and Rﬁ to denote the k-dimensional spaces of real and nonnegative real numbers. All
vectors in R¥ are understood to be column vectors, and the transpose of a vector or a matrix
is denoted by a prime. Let a V b = max{a, b}, a* = max{a, 0} and |a] be the largest
integer less than or equal to a. Let D*[a, b] be the k-dimensional space of right-continuous
functions on [a, b] having left limits, endowed the Skorohod topology (e.g., see Ethier and
Kurtz 1986). Let C*[a, b] be the k-dimensional space of continuous functions. We say that
fu = Ky with probability 1 (w.p.1.) if the sequence of { f;;, n > 1} isrelatively compact (i.e.,
every subsequence has a convergent subsubsequence) and the set of all limit points is the
compact set . Let || fll7 = supyg<,<7 | ()| be the uniform norm of f. We say f, — f
uniformly on compact sets (w.0.c.) if | fy — fllr — 00, asn — 0. We say f (1) = O(g(¢))
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ast — oo if limsup,_, o, [ f(#)/g(t)| < M for some M > 0 and f(t) = o(g(t)) ast — oo

if limy 00 | f(2)/g(2)] = 0. We let p(¢) = /2t loglogt for all t > e and n(¢) = 0 for all
t>0.

2 The (GIB/GI)X /1 queueing model

The model (GI8/G1)X /1 is a single-server station queue serving K classes of jobs, K > 1.
Customers of all classes arrive exogenously in batches, wait for service and leave the system
after service completion. A FCFS service discipline is enforced among K classes, that is,
customers in different batches are served in the order of arrival, and customers in the same
batch are numbered by 1, 2, ..., and served in the order of the numbering. We assume the
FCES service discipline is work-conserving, i.e., the server can not stay idle if there is any
customer waiting for service.

Primitive data For each class k, consider three independent and identically distributed
sequences of nonnegative random variables u = {ux(n),n = 1,2,...}, & = {& (), =
1,2,...} and v = {v(i),i = 1,2,...}, where ux(n) is the interarrival time between
the (n — 1)th and nth batch arrivals, & () is the jth batch size (number of customers
in the jth batch), and vk (i) is the service time of the ith customer. Suppose that u, &
and v are mutually independent. Let the means E[u;(1)] = 1/Ax, E[vg(1)] = 1/ux and
E[&(1)] = my, variances Var[ux(1)],Var[vi(1)] and Var[&(1)], and squared coeffi-
cients of variation ¢2 , = Var[ur(D1/Elux (D)2, 2, = Varlve(D)]/(E[vr(1)])? and
ciy « = Varlg(D)]/ (E[“g‘k(l)])z, respectively. Define the following partial sums

n

Uk(n)EZuk(i), Bk(n)Eng(i) and Vk(n)Eka(i), n=12...,2.1)
i=1 i=1

i=1

where Uy (n) is the arrival time of the nth class-k batch, Vi (n) is the total service time of
the first n class-k customers and By (n) is the total number of class-k customers of the first n
batches. Define the two renewal counting processes

Ar(t) =max{n >0:Ur(n) <t} and Sy(t) =max{n >0: Vi(n) <t}, 2.2)

where Ay (¢) counts the total number of batches arriving in [0, ¢] and Sk (¢) denotes the number
of class-k service completions in [0, 7] if the server always serves the kth class. Therefore,
B (A (1)) is the total number of class-k customers arriving in [0, ¢].

Define the traffic intensity

K
mih
p=Y p where pr="t k=12... K. 2.3)
P 1

We say the system is underloaded when p < 1, critically loaded when p = 1 and overloaded
when p > 1.

Performance measures Fork = 1,2, ..., K, attime ¢, let queue length Q(¢) be the number
of class k customers in system, Wy (¢) be the workload (that is the amount of unfinished work)
of class k customers, Z(¢) = > ,le Wy (t) be the total workload, T (¢) be the total amount of
time that the server serves class-k customers in [0, ¢], Y (t) =t — Z/f: 1 Tk (¢) be the server’s
total idle time in [0, 1], Dx () = Sk(Tx(¢)) be the number of class-k departures in [0, ¢].
Define the potential sojourn time 7 ; (t) as the sojourn time (total time in the system) of the
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ith customer in a class-k batch which arrives at7,i = 1, 2, .. .. These performance measures
satisfy the following equations

Ok () = Br(Ar(1)) — Di(1) = 0, 24

Wi (1) = Vi (Br(Ax (1)) — Vi(Di (1)) — v (1) = 0, (2.5

o0
/ Z()dY (1) =0, (2.6)
0
i
Tr.i(t) = Z(t)—i—Zv,f(j), k=1,2,...,K, i=1,2,..., 2.7
j=1

where v (¢) is the elapsed service time of the customer in service if the server is serving a
class-k customer at ¢ and is O otherwise, and {v](j), j > 1} isa copy of v (1) and is assumed
to be independent and identically distributed.

Remark 2.1 [Explanation for (2.4)—(2.7)] Equations (2.4) and (2.5) hold by flow conservation.
Equation (2.6) holds because the service discipline is work conserving, namely, when the
server is idle at time ¢ (i.e., Y (¢) increases) only when the system is empty (i.e., Z(¢) = 0).
We note that an equivalent representation for Y (¢) and Z(¢) is

K
Z(t) = ®(N)(1), Y()=W(N){@), and N(@)= Z Vi(Be(A(1) — 1, (2.8)

k=1

where the two functions (¥, ®) defined by
W) (1) = sup [—x()]T and @(x)(1) = x(1) + W(x)(1),
0<s<t

are known as the one dimensional oblique reflection mapping [see Harrison (1985) for dis-
cussions on the oblique reflection mapping]. Finally, Eq. (2.7) means that if a class-k batch

arrives at time 7, the sojourn time of the ith customer in that batch is the workload Z(¢) plus
the total service times of the first i customers in that batch.

Fluid limits of performance measures In order to define the LIL- and functional LIL-
scaling, we next introduce the the fluid limits of the performance measures, which is from
the functional strong law of large numbers for renewal process. In order to find the fluid limits,
we need other performance measure: the arrival time of the last customer who has finished
service by ¢, denoted by (¢), whose fluid scaling process is defined to be (1) = t(nt)/n.
Define other fluid-scaled processes as

_ 1 _ 1 _ 1 . 1
ZM (1) = ~Z(n), Y™ @) = ~Y (1), N (1) = ~N (), 70 = ~Tii(n1),

Ay _ L COPN | Sy L Ay L
0, ()= an(m), W) = an(m), T, (1) = nTk(m), D7 (1) = nDk(nt),

forallk =1,2,...,Kandi = 1,2, .... We next summarize the fluid limits of the system
(GIB/GI)X /1, see Chen and Zhang (2000) and Dai (1995) for proof and more general
cases.

Lemma 2.1 [Fluid limits for the (GI? /GI/ DX queue (Chen and Shen 2000)] Assume
E[ur(1)] < oo and E[vi(1)] < oo. If the system is initially empty, then forallk = 1, ..., K,
i=1,2,..,

(Z<">, YO _Nm g o0 o [ F o Tk('f))
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— (Z, Y.N, 1T, Qk, Wk, Dk, Tk, ’2_7”) = Xk, u.o.c, wp.l, asn — oo,

where Xp () satisfies

Toty = — 5 ) = W(t)=(1—l)+m)»t Di(t) = mpag£(r) = "M,
k _Mk(lvp)’ k = Wik Wik = 0 kAEL, k = MiArk _le’
ZO =T =p-Dr FO=0-p* NoO=@-Di, 7= — (2.9

Lvp

The objective of the rest of the paper is to establish the LIL and functional LIL for
performance functions (Z, Y, Qx, Wk, Tx, Di, T, | <k < K,i =1,2,...) and identify
the LIL and functional LIL limits as functions of the model input data

D = (M, Mk, ks Co s Chp Cogr | <k < K). (2.10)

3 Main results

We now establish the LIL and the functional LIL for the (GI8/GI)X /1 queue. We first
define the LIL and functional LIL scalings in Sect. 3.1; next in Sect. 3.2 we develop the
results of the LIL and functional LIL in the underloaded, critically loaded and overloaded
cases. All proofs are postponed in Sect. 4. For the convenience of readers, we gives several
remarks immediately following main results.

3.1 The LIL and functioinal LIL scaling

LIL limits We define
Z@t) — Z(t Z@t) — Z(t
Z;"up = lim sup Z0 -2 and Zj: = liminf M (3.1
) =00 @(1) 100 @(t)

Similar to (3.1), fork = 1,2,..., K andi = 1,2, ..., we define the following upper and
lower LIL limits:

* * * * * * * * * * * *
Ysup’ Qk,sup’ ‘/Vk,sup7 Tk,sup’ Dk,sup’ 77<,i,sup’ Yinf’ Qk,inf7 Wk,inf’ Tk,inf’ Dk,inf7 7;c,i,inf'

(3.2)
We try to express all the LIL limits (3.2) in terms of the input data D in (2.10).
Functional LIL limits Fork =1,2,...,Kandi =1,2,...,let
Z(nt) — Z(nt Tri(nt) — Tp i (nt
ZM(t) = (nt) (nt) and chi(t) _ k,i(nt) k,i(n ) 3.3)
p(n) ' @(n)

We define the functional LIL-scaled processes Q7 (¢), X" (1), Dy (¢), Wi (1), T{! (¢) and Y" (¢)
in the same token of (3.3). We try to develop the functional LIL results in the following form:
fork=1,2,...,Kandi =1,2,...,asn — 00,

(z" y", Qp. Wi, T, DL T) = (Kz, Ky, Koy, Kwy, Ky Ky, K7ip) = Kifs (3:4)

w.p.1., where all sets Kz, Ky, Ko, , Kw,, K1, Kp,, K7 ; are compact sets expressed by the
data D in (2.10) and some compact set G defined as follows.
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Spaces of functional LIL limits For § > 0, let G (8) be the space of absolutely continuous
functions having quadratic variations no larger than 82, in particular,

1
Ge(8) = {x € CF[0,1] : x(0) = 0, / X)) dt < 52} , (3.3)
0

where the square denotes inner product, and x (¢) denotes the derivative of x(#) which exists
almost everywhere with respect to Lebesgue measure. We let G = G.

Forinstance, x| (t) = §at belongsto G(§) fora < 1because x1(0) = Oand fol [%1()]%dr =
a?8? < 8%, x2(t) = (8byt, 8byt)' belongs to G2(8) for b + b3 < 1, because x2(0) = 0 and
[ D2 (0)12dt = 82(b} + b3) < 82

The set Gx (8) defined above is a compact set in Ck[0, 1]:forx € Gy()and0 <c <d <1,

|x(d) —x(0)| =

1/2
x(t)dt (/ [x(t)]zdt> <8(d—o)'?, (3.6)

where | - | denote the Euclidean norm in R¥.

Remark 3.1 (Scaling of LIL and the functional LIL) The LIL limits provide asymptotic upper
and lower bounds because they are established by letting the time  — oo [as in (3.1)]. As
opposed to the constant LIL limit, the functional LIL limits are obtained as compact functional
spaces containing the limits of all convergent subsequences, as the scaling n — oo. The
functional LIL provides asymptotic bounds for all possible functional limits. In this sense,
the LIL limits can be considered special cases of the functional LIL limits.

3.2 The LIL and functional LIL Limits

Throughout the rest of the paper, suppose that, forallk = 1,2, ..., K, for some r > 2,
E[ux(1)'] <00, E[w(1)] <oo and E[&(1)] < oo. (3.7)

We first present the LIL and the functional LIL of the batch arrival process.

Theorem 3.1 (The LIL and functional LIL for compound renewal arrival processes) Suppose
(3.7) holds. For Ak, By defined above, we have, w.p.1,
Bi(Ak(t)) — A Br(Ak(t)) — A
lim sup k(A (@) KTk = —liminf k(A @) KTk = My Ak <c§k+cgk>,
1—00 @(1) =00 @(1) ’ ’

Bi(Ar(nt)) — Agm
k(Ak e kM :;mk\/m G(), as n— oo. (3.8)

Next, we give the functional LIL results for performance measures Z, Y, Qk, Wk, T, Dx,
Tri-k=1,2,...,Kandi = 1,2,... in three cases: underloaded, critically loaded and
overloaded. Let c,% = my (szz P ci, o) +C32 « be the variability coefficient for class k (capturing

the variabilities of the arrival, batch and service distributions). Let pgx = Z,{;l ,okc,% / ks

2 mz)\k <C2 + 2 )
k Jk b,k /0 ,LLkC
4P = (1 - ﬁ) ! R EL E (3.9)
p p P’ o
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1 Pk 2 p3 12m? pic?
q,fz = [1 - — (1 — ;)] )»km% (cik + clz,yk) + pf];//«kcsz’k + =k 3k Z —L " )

NG iz M
(3.10)
| 2. 2 2 2
w,’gzz[l——<1—p—")] PG Py PG 3.11)
NG P N i
2,2 2 )
72 = (1 - ﬁ) LTS (3.12)
o) Pk o i

ik

Theorem 3.2 (The functional LIL for the (GI8/GI)X /1 queue) Suppose (3.7) holds. (i) If
p < 1, then the functional LIL in (3.4) holds with

2
A PkC, 1/2
Ke=1{n PKX,U,U,,/iﬂkkx,mkkk/,/cﬁ’k—i-cikx,n cxeg()t,  (3.13)

where 1 is a zero operator, that is, n(x) = 0 for all x € G(§) with § > 0.
@ii) If p = 1, the functional LIL in (3.4) holds with

(}C27 Ky, K:ka’CWk’ ]CDk’K:Tk.i)
= {(®00). w00, 1imi @), @), Gy 2. 0()) 1 x €6 (VK ) . (022 € &2 (Vr ) |
where G (x, y)(t) = jux(t) — mp ® (x + y)(1). (3.14)

For Ty, if K > 1, then K, = {Gf(y,z)/,uk (0,0 € (\//;>} k=1,2,...,K; if

K =1, then K1, = {—\IJ(x) txeqg (cl/,/ul)}.
(iii) If p > 1, then the functional LIL in (3.4) holds with

ki = {(Vorx, n. gix wix g, dix, Vpgx) 1 x € G} (3.15)
where dy, qi, wi and ty, are defined in (3.9)—(3.12).
We give the following remark to help readers to understand Theorem 3.2.

Remark 3.2 (Understanding the functional LIL limits in three cases) (i) Workload In the
underloaded case, the stochastic variation of the workload is zero because the total workload
is stochastically bounded. The functional LIL limits for queue length and workload are zero
sets. In the critically loaded case, the stochastic variation of the total workload is the sum
of those of all classes, in addition, we observe a functional LIL-version Little’s Law for the
queue length and workload, namely, Ko, = uxKw, . The functional LIL limit of the departure
process is given by a two-dimensional set, which is consistent with Iglehart (1971). Results
become somewhat less intuitive in the overloaded case: First, the LIL of the total workload is
not simply the aggregation of those of all classes, because stochastic fluctuations of workloads
are not independent across classes. Moreover, the functional LIL-version Little’s Law fails,
unless all the squared coefficients of variation of service times are zeros. (ii) Idle time The
variation of the idle time relates to busy times of all classes. For example, see the relation
Ok = Z,f: 1 pkc,% /i given in (3.13) in the underloaded case (The relation is more complex
in the critically loaded case; see (3.15)). In the overloaded case, the idle time is stochastically
bounded for all servers and thus asymptotically negligible. This is in sharp contrast to the

@ Springer



Annals of Operations Research

results of the busy times, where the stochastic variation of one class symmetrically affect all
other classes. (iii) Sojourn time The stochastic variability of sojourn times is asymptotically
independent with the class k (1 < k < K) and customer index i (i = 1, 2, ...), because the
functional LIL limit of the sojourn times K7 ; coincides with the functional LIL limit of the
workload Kz foralli =1,2,...and 1 < k < K. This is so because customers are served
under FCFS and the batch sizes become asymptotically negligible as the scale increases.

Next, we consider the GI/G1/1 queue, which is a special of (GI?/GI)X /1 with K = 1,
&(1)=1and cf = ngl + 652’1. In the special case, we note that 71 1(¢) = Z(¢) + v{(1) =
W(t) + vj (1), and as a result, the corresponding limit sets satisfy Kz = Kw, = K7, , for
vi(1) = o(p(n)) w.p.1 as n — oo. Hence, the functional LIL result in (3.4) simplifies to

(z',y", 1. 17, DY) = (Kz.Ky.Kg,,K1,.Kp,) =K%, wp.1. (3.16)
The corollary below is proved by letting my = 1, ¢y x = 0, K = 1 in Theorem 3.2.

Corollary 3.1 (Functional LIL for the GI/G1/1 queue) Suppose (3.7) holds, K = 1 and
&1(n) =1 foralln > 1. (1) If p < 1, the functional LIL in (3.16) holds with

172 172
A A
K* = !(n Ly g, 2y A”zcl,ax> ‘xe g(l)]. (3.17)

231 231

@1i) If p = 1, then with G”ll defined in (3.14), the functional LIL in (3.16) holds with

Kt = (@), W, i1 @), ~¥ (), 61, 0)) : ¥ € G (=) (D) € G (=
_ = X), X), L1 X), X), Gy, 2 X m,y,z 2 .

W1
(3.18)
(iii) If p > 1, then the functional LIL in (3.16) holds with
A2
K = {( . n,di‘x) xe g(l)} , (3.19)
78

where qf = 1/)»]cg,l +M1cf’1,df = 1/,ulc§,1‘

In the overloaded case, itis evident from (3.19) that Little’s law fails, thatis, 11Kz # Ko, ;
The asymptotical variation for departure does not depend on the arrival because the departure
process is only determined by the service in the overloaded case. Next, we expect some sort
of “seesaw” effect between the busy time 77 and idle time /;: 77 (¢) is negatively correlated
with 7 (¢) at the same level (but different signs) of stochastic fluctuations (if 77 () is larger
than the mean value 7} (r) by o, caused by temporarily frequent arrivals or long service times,
then I; (t) will be y time less than I; (7)). This explains why IC7; = KCj,. Especially, in the
overloaded case the server is almost busy all the time, the busy time deviates from its mean
by a asymptotic finite value, which gives the functional LIL of the busy time is zero set,
which also explains why K7, = {n}.

We now give the LIL limits in (3.2) using input data D in (2.10).

Theorem 3.3 (LIL for the (GIB/G I)K/l queue) Suppose (3.7) holds. (i) If p < 1, then for
k=1,2,...,Kandi =1,2,...,

*
Zsup mt Qk sup — Qk inf — Wk sup Wk inf — ’Z;c i,sup 77( i,inf — =0,

Yap = —Yint = Vhk: Tap = —Tiins =/ PkC ] 1k
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/2 [ 2 2
D} sup = = Diint = mihy“\J i + S (3.20)

@Gi) If p = 1, then, fork =1,2,...,Kandi = 1,2, ...,

* — * — % — * — * —
Zing = Yint = T int = Qkjint = Weing = 0,

14 4 S
EQZ,sup = Ewlzﬁ,sup Z;kup Y:l{lp Zii,sup =VPK- (3-21)
@Gi) If p > 1, then, fork =1,2,...,Kandi = 1,2, ...,
Z;kup = f = 7?1 sup — 7-k>‘,<i,inf = VK, Y:;Jp = Yij;f =0, le,sup = _Dlzk,inf = d;ck’
Ok .sup = _Qk,inf =qrs Wiap = "Weime =wis Ty = Tl = 1 (3.22)

Remark 3.3 (The Little’s law) The superior and inferior limit version Little’s law holds in the
underloaded and critically loaded cases, that is, Qz,sup = Wy sup and OF ;¢ = Mk Z} iup>
which means that the maximum and minimum asymptotical variations of Qy and Wj keep
the proportional relation. However, this version Little’s law fails in the overloaded, because
the workload process Wy keeps track of the total amount of unfinished service times of class k
while the queue length process Qy only counts the number of the unfinished class k customers.
Although, as time goes to infinity, some class k customers will almost “never” be served in
the overloaded case, their service variability will still make an impact to the workload: if the
class k service times are highly variable, it does not affect its queue lengths because almost
no one will enter service, but it will make the workload process highly variable because the
customer’s service time will be added to the workload process immediately upon its arrival.
But the superior and inferior limit version Little’s law holds in the critically loaded case if
the coefficients of variation ¢y x = 0 by (3.10) and (3.11), which means that it is the variation
of service times that make the LIL-version Little’s law fail.

Corollary 3.2 (LIL for the GI/G1/1 queue) Suppose (3.7) holds, K = 1 and & (n) = 1 for
alln > 1. () If p < 1, then

12
Z:up = me = Ql sup — Ql inf =0, Dl ,sup — T,inf = A/ "¢at,
12,
* * A
Ysup = 1nf Tl ,sup — T = (3.23)
1
(i) If p = 1, then
12,
% % * )‘ * 1/2 %
Zsup - Ysup Tl,inf - wi ’ Ql,sup = )‘l Cls Zi Y nf — Tl ,sup Ql inf — =0.
(3.24)
@iii) If p > 1, then
12
A e
1
Z:up == i#;lf = ) ’ YsTlp = mf Tl sup — Tlfinf =0,

1/2
QT,sup = _QT,inf = A% }‘lczzz,] + 'ulcsz,l’ D>lk,sup = _DT,inf = /’L]/ Cs,1- (3'25)

The LIL limits for queue, workload and departure qualify their asymptotic variation more
distinct via number value not function set. In the underloaded case, the whole system is
in light traffic, and all customers are quickly served upon arrival, which explains why the
LIL limits for queue and workload are zero and for departure are independent of service. In
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the critically case, the LIL limits for queue and workload is influenced by both arrival and
service, and satisfy the Little’s law. In the overloaded case, the server is almost busy all the
time, which explains why the departure LIL only depends on the service; the LIL limits of
queue and workload capture the parameters of arrival and service, however, they deviate the
Little’s law, the reason refers to Remark 3.3.

The “seesaw” effect between the busy and idle times is presented by the LIL limits. In the
underloaded case, the superior and inferior limits are presented as a pair of opposite numbers
capturing the arrival and service parameters; In the critically case, since 7'(¢) < t, we have

T}y < 0 by the LIL scaling (3.1), however 7}'( - = 0 explains that the server are almost
busy in the critically heavy traffic; In the overloaded case, the server is busy all the time,
which gives Tl’fsup =T = Yap = Yine = 0.

4 Proofs

In this section, we firstly prove Theorem 3.2 by Strassen’s result (Strassen 1964) and the strong
approximations (Chen and Shen 2000), then Theorem 3.3 with the help of the compact sets
in Theorem 3.2.

4.1 Preliminaries

Strassen (1964) firstly developed the functional LIL for Brownian motion as follows.

Lemma 4.1 (Strassen’s functional LIL) Suppose that W1, Wy are two mutually independent
one-dimensional standard Brownian motions, o1 > 0, o» > 0 are two positive constants, we
have, for any t € [0.1], wp.1,

o Wi(nt) G, ( o1 Wi (nt) ’ o2 Wa(nt) ) —G <m>.
J2nloglogn J2nloglogn’ /2nloglogn

Our proof is mainly based on the strong approximation of all the performance measures.
The strong approximations approximate a discrete process (i.e. Q) into a continuous process
consisting of the deterministic fluid function (i.e. 0) and standard Brownian motion. As
a result, the original discrete system is approximated into a continuous Brownian system,
whose mean values and fluctuation are embodied in the fluid limits and Brownian motion,
respectively.

Lemma 4.2 presents the strong approximations for the queueing system, its proof is similar
to Chen and Shen (2000) and is omitted.

Lemma 4.2 [Strong approximations (Chen and Shen 2000)] If (3.7) holds, then, for r > 2,
wp.1,

1Z = 2|l = oy, |l = 7], =o', [@x - Bull, = o'/,
73~ 5l = o'/

|, =o', ||Dk — Dil|; = o(TV"), || Ti = Tail|, = 0TV,

A.1)

|| Wi — W 7

fork=1,2,...,K,i=1,2,..., where

~ -~ -~ 1 r~ .
Z=®(N), Y=V¥Y(NN), T(t)=— [Dk(l‘) — Sk(Tk(t))] ,
i
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~ i} K . 1 . .
Noy=No+) [@Ak(r) +— BrOu) + Vk<mkxkz)] ,
i Lk Wi

A~ _
’”’; LT () — 7(0)]

Di(t) = Dy(t) + myAr(F(0) + BT (1)) —

K
sl y [@Aiﬁ(ﬂ) + L Bowi) + V,-(Di(r»]
el WY i

Ok (t) = mpiit + mpAr(t) + BrOut) — Di(0), Tri(t) = Zi(0),

~ mg 1 4 A A - 1 ~
Wi(t) = pxt + iAk(t) + — B (Axt) + Vi(myagt) — Vi(Dr(t)) — — Dy (1), (4.2)
Mk Mk Mk

2 1/2 P 1/2 a 7
Aty = 1P caqWar )., $e®) = ek Wy (0), Bi(t) = mecp i Wy (1) and Vi(r) =
—Sk(t/ k) / 1k, and Wy i, Wy . and Wy, . are mutually independent Brownian motions asso-

ciated with the arrival, service and batch processes for class k, respectively, and ® and V¥
are defined in (2.8).

4.2 Proofs of Theorems 3.1, 3.2 and 3.3

Proof of Theorem 3.1 First of all, we note that E[ By (Ax(¢))] = myAxt for any ¢+ > 0. Next
we first prove the functional LIL and then the LIL. By Lemma 2.3 (iv) in Chen and Shen
(2000),

sup_ [ B(Ax(0) = migut = miAi(0) = BeGun)| = o), wpl,
0=<t=<T

then for any ¢ € [0, 1],

| BeAkn0) = mgint = micAin) = BiGunn)|

lim
n—o00 (p(n)
U< <n | Bk (Ak(1)) — mxt — mi Ax(t) — BGo)|
< lim =0 wpl. (43)
n—o00 ga(n)
Since
By (A (nt)) — mpAgnt
p(n)
_ Bi(Ax(n)) — mydgnt — my Ay (nt) — Br(hint) N mi Ay (nt) + By (Ant)
@(n) @(n) '

and

myAp(nt) + By (nt)
o(n) = mpyJhe(c;  + ¢y PG, wp.l,

then the functional LIL holds.

For the LIL, we note that sup, gy x(1) = 1 and infyeg(1) x(1) = —1, where the supre-
mum and infimum are actually attained for the functions x () = ¢ and x(#) = — respectively.
Hence, (3.8) holds. ]
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Proof of Theorem 3.2 Forallt € [0, 1]and n = 3,4, ..., define
Z(nt) — Z(nt)
pn)

Similar we define ¥" 1), N (1), QZ 1), W,:’ 1), 5,'; 1), T’k” (t) and 7~7<”l (t) in the same token
of(44)fork=1,2,...,Kandi =1,2,....
By Lemma 4.2, since T'/" = o(¢(T)) for all r > 2, we have, for all ¢ € [0, 1],

SUPo<t<n ‘Z(t) - Z(t)‘ -0

7" = (4.4)

|zt — Zn)|
lim —M—

< limsu ,  w.p.l.
So, forall t € [0, 1],
Z(nt) — Z(nt
im 200 =200 oo 4.5)
n—o00 (p(n)
Note that
Znt) — Z(nt)  ~
Zn(l) — M + Z”(l‘),

@(n)

This, and (4.5), implies that it suffices to prove 7n = Kz if one tries to prove Z" = K.
Similar results hold for Y” (1), Q} (¢), W' (t), D (1), T|* (1), 77{”[ (t) fork=1,2,...,K and
i =1,2,....In words, we transfer the original problem (3.4) into, w.p.1,

(Z",¥", Q. Wp TP, DY T) = K. (4.6)
We firstly note that, for all ¢ € [0, 1], w.p.1,

S [ A + L BiGane) + Vi omiinn) |

N™"(1) = = VprG(1), (4.7)
v(n)
because the variance
K
m; 1 4 N N
Var (Z |:fAi(t) + ;Bi()\it) + V,-(mixl-t)]) = pit. (4.8)
i=1 =" !

Next, we prove (4.6) in three cases: The underloaded, critically loaded and overloaded
regimes.
The underloaded case We first note that if p < 1, then by (2.9), for any ¢ > 0,

Xe(@) = (1, (1 = p)t, (0 = D, 1,0, 0, mihit, pxt, 1) - 4.9)

For the functional LIL for Z, by (4.2) and (4.9), Z is reflected Brownian motion with nfgative
drift p — 1, then it follows from Theorem 6.3 in Chen and Yao (2001) that supy, <7 [Z(?)| =
O(log T) w.p.1. This implies that, for all ¢ € [0, 1],

|Z("t)| . SUPp<s<p |2(t)‘

lim Z"(t) = lim =——~' < lim

< =0, wp.l
n— 00 n—o00 (p(n) n—o00 (p(n)

So, Zn (1) = 0 w.p.1. For the functional LIL of Y, by (4.2) and (4.7) we have

Z(nt) + N(nt) — N(nt)

=Z7"(t) + N"(t) = V/pxG(1), wp.l.
p(n)

Y (1) =
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For the functional LIL of Dy, by (4.2) and (4.9),

mg Mg

~ _ . . M _ ~ .
Di(t) = Di(t) = meAe(t) + BeOut) = =5V (1) — ¥ (0] - [N(t) = N(1)]

P
A A mk)\‘k ~ —
= myAr(t) + Br(Agt) — ) [Z(t) — Z(1)],
so, forall ¢ € [0, 1], w.p.1.,
- Di(nt) — Dy (t
B = k(nt) nk (£)
@(n)
mpAg(nt +1§ Ant mpAg ~
_ Mk k(n ;(n) KGnt) I;) kZ”(t) = mkki/zy/cg,k-l-cg,kg(l).

For the functional LIL of Qy, by (4.2) and (4.9),

Or(nt) _ myAr(nt) + B (o)
@(n) p(n)

For the functional LIL of Wy, by (4.2) and (4.9),

myAk

o) = - Dl = Z"#) =0, wp.l.
-~ m 1, l Pk
Wi (t) = pxt + —Ap(t) + — B (Mxt) — — Di(t) = —Z(1),
Mk Mk Mk 1Y
so, W' (t) = px Z"(t)/p = O w.p.1. For the functional LIL of T, by (4.2) and (4.9),
~ - 1 _ A ~ M Ak ~ P -
Ti(t) — T (1) = m Dy (1) + my Ag(t) + Br(At) — TZ(I) = S (T (D) | — Tre (1)
1 A A Mphi ~ A
= — | mpAg(t) + Br(Akt) — ——Z () — Si(ox?) |,
Mk o

so, with (4.8),

~ 1 mpAg(nt) + BrOynt) — S t ~ 2
Ty = L eAeon) + BeOunt) = Sloent) _ pegn iy o [P% gy gp,
Mk @(n) P Mk

because z”(t) — 0 w.p.1. For the functional LIL of 7; ;, by (4.2) and (4.9), ﬁ”l (1) =
Zl) =0, wp.l.
The critically loaded case If p = 1, then by Lemma 2.1,

Xi(t) = (1,1, 0, t, 0, 0, mehit, pet, 1) . (4.10)

For the functional LILs of Z and Y, by (4.2), (4.7) and (4.10), and the continuigy of ®
and W, we have, for all ¢ € [0, 1], w.p.1, Y" (1) = W(N")(#) = VpxV(G(1)), Z"(t) =
CD(IV")(I) = +/ox ©(G(1)). For the functional LIL of Dy, by (4.2) and (4.10),

Dy (1) — Di (1)
mi A (t) + Bi (1)

1

K
= mpA(t) + BeOut) — midi Y (£) = mihi Y [

i=1

+ ‘A/i(mi)hit):|

K A A
A S i A B (A; N
— meAi(0) + BeGun) +mirg inf 437 | PR LB g0
0<s<t i

i=1
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—mkka[ A; (z)+ﬂlB(x t)+V(mAt):|

mi A (1) + By Out) . miAx(s) + Be(hes)
= puy————— + my iy inf
Mk 0<s<t i

+ 30 | PAS A BCD | g niis) | + Vieomies)
Mi

— IMkAk(l)M-F Bi (A1) n Z |:m,~A,-(z):— Bi (L)
k i

+ﬁwmm}+%wmm
ik

i

_ GZ (mkAk(t):]; By (At) 7 Z |:miAi(l) + Bi(Ait) n ‘A/,-(ml')»il)i| + ‘71<(m1<)»kt)) ’

i £k
“4.11)
where Gg is defined in (3.14). By Lemma 4.2, for all ¢t € [0, 1], w.p.1.,
my A (nt)+ B (\nt) 3 m; A; (nt)+B; (hint) + \A/'(m')unt) +V (mpgnt)
— e +k 1 i\Mir; kM Ak —
= = [ ! ] =G (v pK) .
@(n) @(n)

Because Gd is a continuous mapping, we have, for all 7 € [0, 1],

G¢ (—m"A"(mEB"(A"m), Dtk [L/Xi(m) + 73"(3?"” + ‘A/i(mi)\inl)il + Vi (mk)\kl’ll‘))

EZ(Z) @(n)
= Gl (G (Vpr). wp.l.

For the functional LIL of Qy, by (4.2) and (4.10),

Ok (t) = mpA Y (1) + myig Z [

i=1 i

= mene [Y (1) + N(0)] = me Z(1).

Am+1&@m+wmmm]

So, forall¢ € [0, 1], w.p.1., Q (t) = mkAkZ” ) = mpr @ (\/pKIC(l)) For the functional
LIL of Wy, by (4.2) and (4.10),

~ Mg 1 4 1 ~
Wi(@®) = okt + —Ar(t) + — Bp(Axt) — — Dy (1),
Ik Ik Ik
1r- R . - - - ~
o [Dk(t) + mg Ap(t) + Br(Ait) — Dk(t)] = [Y(O) + NO] = peZ(0),

so, forall 7 € [0, 11, w.p.1., W'(r) = pk 2" (1) = pi® (\/ﬁKg(l)) . For the functional LIL
of Ty, by (4.2) and (4.10),

~ _ 1 ~ ~ _
T = () = — [ D)) = S @en | - T
Ik

1
:—ka(r)—ka[M A, (t)—l——B(A t)+V(mAt)]

i=1
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n mi A (t) + Br(ut) — Si(oxt)
Ik

0<s<t
i=1

K
= Pk inf {Z[ A(S)+ lBl()\, S)—}—Vl(m )\.15)]}

—ka[ A; (t)—l——B(k 1)+ Vi(m; m)}
1 ~ ~ N
+ — [miAuo) + BGun) = Seoun|
Kk
o | . . R
= pi inf {Z — [midi) + BiGus) = § (ms)]]

0<s<t
S i=1 Wi

K
1 A A A 1 A A A
o [+ Biaat) = $i6oin | + - [miAk(o) + By = Setun)

1 Gd(ml\Ak(f)ﬂLBl\M(:kl) Sk(oe) Z miA; (t)+Bl,u(,A it)— St(ﬂ;f)) K > 1, “12)
Ml Gd(m1A1(7)+BIM(?»1t) Si(p10) ,0) = \I_,(mlAl()‘FlLl]()hl) Sl())(t), K =1. ’

where ® and Gz is defined in (2.8) and (3.14) respectively. Notice that, for all ¢ € [0, 1],

1 A A o
p [mlAl(t) + Bi(M1) — S1<r>] =g (,/c%/u) . w.p.l,

and for K > 1, w.p.1l.,

i I:mkAk(m) + Be(Ment) — Sk(/)k”t):l Dtk i [miAi(t) + Bi(Ait) — 5 (pil)]
() ’

@(n)
=G (\/,57() ,
so, forall ¢t € [0, 1],if K = 1, then
~n 1 ~ ~ N
' () = -v <* [m1A1(~) + Bi(A1) — 51(')]) @)
7

<o o (). v

if K > 1, then w.p.1., we have

d (( miAgnn)+By Ount)—Si (pxnt) miAi (0+B; 04)=8; (pi1)
Gi ( 0 i )

T (1) = i
= iGz (gz (m» .

For the functional LILs of 7% ;, by (4.2) and (4.10), forall ¢ € [0, 1], w.p.1. we have 77:’1 (1) =
Zr () = /pr @(@G(1).

@(n)
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The overloaded case If p > 1, then by (2.9), for any ¢ > 0,

Xk<r>=<<p ~ Dt (p—Dr, L, (1—1) — (1—1) pet, ML PR —1)t>
p p P p
4.13)

We first show the functional LIL of Y. By (4.2) and (4.13), since N is a Brownian motion
with positive drift (o — 1). Then lim;_, o, N(t)/t = 400 w.p.1, and
Y(nt)  sup,-o Y (1)

sup Y (1) = supW(N)(1) < +o0 and Y"(r) = <= -0, wp.l
>0 >0 o) @(n)

asn — oo, forall + > 0. As a direct resyvlt, we l_lave, foLall t e_[O, 1],f” (t) = 0. For the
functional LIL of Z, by (4.2) and (4.13), Z(¢t) — Z(t) = N(t) — N(t) + Y (¢), and with (4.7),
for all ¢ € [0, 1], w.p.1.

Z"(1) = N"(t) + Y"(1) = bk G(1). (4.14)
For the functional LIL of Dy, by (4.2) and (4.13),

~ _ A t I )th mkkk
Dy (t) — Dy (1) = mi Ag - + By ) ) Y (1)
K
A i~ [t 1 ~ (At N iAit
)2 )
P LM P i P P

= Dj(t) — kaA"’f(r), 4.15)

)]

(%) Z (%)

where

™)

o~

~

N

|
S

|
N——
| —

3

~

. >
=
L~
|~
N———"
+

o>

>~
A/—\
kg >
b‘»

>|

_ my g Zm

p ik

is a driftless Brownian motion with variance parameter (a’,’(")2 defined in (3.9). So, for all
t € [0, 1], we have,

D) _ Megny = gary,  wpl,
@(n) P

where the convergence holds because Y"(t) =0 w.p.l. . B
For the functional LIL of Qy, by (4.2) and (4.13), miArt — Qi (t) = Di(t), and

Di(t) =

Ok (1) — Ok (1) = myAr(t) + By () — [ D) — Dy (1)]

~ Ak ~
Op(0 + ",
p
where
0;(1) = micAi() + BeGut) = {midu@ 1) + BGu)

mp Ak K 1
- |: A (T(t))-i-fB (A ‘L’(t))-l-V(D (t))]}
P Lk
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|
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is a driftless Brownian motion with variance parameter (g; )2 defined in (3.10). So, for all
t€0,1],

s

Qk(nt)
@)

where the convergence holds because yn (1) = 0 w.p.1. . B
For the functional LIL of Wi, by (4.2) and (4.13), pxt — Wi (¢t) = Dy (t)/ ik, and

o) = - M pn ) = G(gp), wp.l,
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Pk

+ =
'0\/7 t;ék

is a driftless Brownian motion with variance parameter (wy) defined in (3.11). So, for all
t €[0,1], by Y"(r) = 0 w.p.1, we have

! [m,A(t)Jr\FB,(t)—fS(r)]

W’(nt)
(n)

For the functional LIL of Ty, by (4.2), (4.13) and (4.15), Ty (t) = Dy (t)/ux, and

Wi(t) = +2 PRyniy = Gawp),  wp.l.
~ _ 1~ _ 1. ~ ~
Ti(t) = Te(t) = — [Dr(r) — De()] — — 5 (p—”) =T/ - %¥ ),
Mk Mk p o
where as é;( 1),

7 1 o Pkt
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Mk o

miy i miAi@(©) | Biat(n)
= i i
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i#k
1 Dk > A A N
= L= 25 [meAe) + VaBeo = Vb |
N ( P
Pk 1
[m Aio) +VaaBi0) = JpiSi()|
)0\/> l;ék
is a driftless Brownian motion with variance parameter (t,j‘)2 defined in (3.12). So, for
all ¢ € [0, 1], together with (1) = 0 w.p.1, we have T/"(1) = Tég’;;) 27 (nt) =

G(tf), w.p.1. For the functional LILs of 7 ;, by (4.2), (4.13) and (4.14), T" 1) = Z H =
VoK G(1), wp.l. ]

Proof of Theorem 3.3 Case p < 1.By (3 13) since Kz =Ko, = Kw, = K7;; = 0, we have

fork=1,2,...,Kandi =1,2,. sup mf Qk sup Qk inf — Wk ,sup W/f,inf =
’27(*1 sup = zc,i,inf = 0.ForY, T and Dy, we firstly observe that SUPxeg(s) x(1) = § and
inf xeg(5) X(1) = =6 for any § > 0, where the supremum and infimum are actually attained

for the functions x(¢#) = ¢ and x(t) = —4t respectively. This and (3.13) imply that (3.20)
holds.

Case p = 1. For some § > 0, we have SUPxed(G(5)) x(1) =48 and infrcage) x(1) =
0, where the supremum and the infimum are actually attained for the functions x(¢) = 4t
and x(¢) = O respectively. Taking § = \/p? yields ZSup and Z¥ . given in (3.21). As a direct

inf
result, we also get Qk sup® Qk inf> Wk sup” Wk inf @and ’T Zc,t,mf given in (3.21).

k,i,sup’
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For the LIL limits of Y, we first consider the set W (G(8)) for some § > 0. On the
one hand, by (3.6) |y(b)| < /b < § for any y € G(§) and 0 < b < 1, then,
SUP,cw (g (s)) X (1) = SUp,cg(s) SUPp<s<1{—y(s)} = 8, where the supremum is attained for
the function y(s) = —s. On the other hand, notice y(0) = 0 for any y € G(§), then
infycy(gs) x(1) = infyeg(s) SUPg<s<1 {— (s)} = 0, where the infimum is attained for the
function y(s) = 0. Taking § = \//; yields Y, qup and Y}, given in (3.21).

Case p > 1. The analysis for the case p > 1 is similar with the case p < 1. O

Proof of Corollary 3.2 We only show 77", qup and T}, in the critically loaded. As the proof of
Theorem 3.3 SUPx W (G(cy /D)) x(1) = c1/y/i1 and 1nfx€w(g(cl/m) x(1) = 0, where the
supremum and the infimum are actually attained for the functions x(¢) = c1t//p1 and x (1) =
0 respectively. This, together with Theorem 3.2 (ii): K7, = {—W(x) : x € G (c1//m1)}.

172

N A
implies that 77" =0, Tf’jinf = —ﬁcl. O

,sup

5 Numerical examples

We consider two numerical examples to obtain insights of the LIL limits in Theorem 3.3.

5.1 Sensitivity to the traffic intensity p

Example 5.1 (Discontinuity of the LIL limits in the traffic intensity) We consider the model
(GIB/GI)S/I/FCFS in Sect. 2, let the first-order parameters Ay = 0.2 for k = 2,3,4, 5,
ur =my = 1fork =1,2,...,5, and the second-order parameters c, x = cpx = Cs.k = 1
forallk =1,2,...,5, and increase A| from zero. The idea is to increase the p = A; + 0.8
from 0.8 so that we can walk through the underloaded, critically loaded and overloaded cases
in Theorem 3.3. We plot the LIL limits in Fig. 1.

Example 5.1 show us that A1 = 0.2 (or p = 1) is a unique point of discontinuity of the LIL
limits Z;"up, Q;‘;sup, W; sup’ Z s Q,’g’inf, W,i i as functions of A;. More explicit numerical
details of Example 5.1 is given to supplement Sect. 5.

5.2 Impact from the second-order parameters

Example 5.2 (Impact of the LIL limits from the second-order parameters) We consider
(GI8/G1)’/1 with the first-order parameters m; = ux = land ¢y x = Ca» Cok = Cpy Cs.k =
cs forallk = 1,2,...,5. We try to see the dependence of the LIL limits in Theorem 3.3
on the second-order parameters c,, cp, ¢s for A1 = 0.1 (underloaded), A; = 0.2 (critically
loaded) and A = 0.4 (overloaded) through varying one of c,, ¢p, ¢s with others being fixed.

(1) The superior and inferior limits as functions of ¢, are in Table 1.

* 04(1 2 )2+ 2
= . e =5 |Cas
N \ 312 27

5\ 1
= 1 02(1- ——) +—|ca k1.
% { (- 43.2} ?

z
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Fig.1 The LILs as functions of A

(i) The superior and inferior limits as functions of ¢, are in Table 2.

43 4 5\ 5
wT,sup = <ﬁ - ﬁ)cm wlt,sup = |:<1 6F> i|Cuk # 1.

Remark 5.1 (For Example 5.2) (i) In Example 5.2, we do not show the impact from cp x
because it is similar with ¢, . The corresponding numerical data are in Table 1 with ¢,
replaced by cp. (ii) All the LIL limits are unary linear functions of second-order parameters
Cq Or cy. (iii) The LIL-version Little’s law, Q3 Fosup = Mk Wk sup and QF kinf = Mk zZr k.inf with
i = 1, holds in the underloaded and critically loaded cases and fails in the overloaded case
with ¢y # 0, see Table 2. (iv) The LIL-version relation between workloads Z and Wk isclearin
the underloaded and critically loaded cases by Z,, = S Wi up and Zip = S Wi ine
and is unclear in the overloaded case. (v) The LIL- Versmn relation between busy time T and
idle time Y is clear in the underloaded case by Y, sup Zi | Tk*zup and Y2 = ZZ:] Tkﬂfiznf
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and is unclear in the overloaded case. (vi) The LIL-version relation between busy time Tk
and departure Dy, is proportional in the underloaded and the overloaded with ¢y = 0, that is,
D,’f’ sup = Mk Tkﬂjsup and D/f,inf = [k kainf with p; = 1 and is unclear in the overloaded case.

6 Conclusion

We have developed the functional LIL and its corresponding LIL in (1.1) for the
(GIB/G1)X /1 queueing model for the total workload, idle time, queue length, workload,
busy time, departure and sojourn time processes. Refining the functional strong law of large
numbers and the corresponding limiting fluid functions which are often used to approximate
the mean values, the functional LIL and its corresponding LIL provide estimates for the
asymptotic rate of the increasing stochastic variability of these performance functions in two
forms: the functional and numerical. We have identified these functional LIL and its corre-
sponding LIL limits as explicit functional sets and functions of the first and second moments
of the interarrival and service times of the primitive data. Our results, Theorems 3.2 and 3.3
, present all the functional LILs and its corresponding LIL limits covering all three regimes:
the underloaded, the critically loaded, and the overloaded, categorized by the traffic intensity.
For every case in the proof, we operate the strong approximation method in two steps: the
first is for the functional LIL and the second is for the corresponding LIL by the obtained
functional LIL sets.
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